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EUCLID'S ELEMENTS. BOOK L 
Definitions. 

1. A point is that wliich has position^ but not magnitude. 

2. A line is length without breadth. 

3. The extremities of a line are points. 

4. A straight line is that which lies evenljr between its 
extreme points. 

5. A superficies (or surface) is that which has only length 
and breadth. 

6. The extremities of a superficies are lines. 

7. A plane superficies is that in which any two points 
being taken, the straight line between them lies wholly in 
that superficies. 

8. A plane angle is the inclination of two lines to one 
another in a plane, which meet together, but are not in the 
samo direction. 

9. A plane rectilineal angle is the inclination 

of two straight lines to one another, which meet 
together, but are not in the same straight line. 

Note. — ^When several angles are at one pomt B, any one of them is 
expressed by three letters, of which the middle letter is B, and the 
first letter 18 on one of the straight lines which contain the angle^ 
and the last letter on the other liM 
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Thns, the angle contained by the straight lines AB and BC is ex« 
pressed either by ABC or CBA, and the angle contained by AB and 




BD is expressed either by ABD or DBA. When there is only one 
angle at any given point, it may be expressed by the letter at that 
point, as the angle E. 



1 0. When a straight line standing on another 
straight line makes the adjacent angles equal 
to one another, each of the angles is called a 
right angle; and the straight line which stands 
on the other is called a perpendicular to it. 




1 1 . An obtuse angle is that which is greater 
than a right angle. 



12. An acute angle is that which is less 
than a right angle. 

13. A term or boundary is the extremity of anything, 

14. A figure is that which is enclosed by one or moro 

boundaries. 

15. A circle is & plane figure contained by 

one linoj which is called the circumference^ 

and is such, that all straight lines drawn 

front a certain point within the figure to the 

circumference are equal to One another. 

16, And this point is called the centre of the circle, [and 

feny straight line drawn from the centre to the circumfenjuco 

- — Ued a radius of tho circle]. 
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1 7. A diftttidier of a circle is a straight line dra^t^n tlirough 
the centre, and terminated both ways by the circumference. 

18. A semicircle is the figure contained by a diameter and 
the part of the circumference cut off by the diameter. 

19. A segment of a circle is the figure contained by a 
straight line and the part of the circumference which it 
cuts off. 

20. Rectilineal fig^es are those which are contained by 
straight lines. 

21. Trilateral fignreSi or triangles^ by three straight lines. 

22. Quadrilateral figureB^ by four straight lines. 

23. Multilateral figures, or polygons, by more than four 
straight lines. 

24. Ofihree-sided figures an equilateral triangle 

is that which has three equal sides. 




25. An isosceles triangle is that which has only 
two sides equal. 




26. A scalene triangle is that vhich liaa three 

unequal sides. 



27. A right^mgled triangle is that which has 

a right angle. 

28. An obtnse-angled triangle is that t^ldch 

has an obtuse angle: 






, 29. An acute-angled triangle is that which 
Ii8u9 three acute angles. 
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30. Of four-sided figures, a square is that which 
has all its sides equal; and all its angles right angles. 





31. An oblong is that which has all its angles 
right angles, but not all its sides equal. 



32. A rhombus is that which has all its sides 
equal; but its angles are not right angles. 



33. A rhomboid is that which has its 
opposite sides equal to one another, but all its 
sides are not equal; nor its angles right angles. 

' 34. Parallel straight lines are such as are 
i n the same plane, and which being produced 
ever so far both ways do not meet. 

35. A parallelogram is a four-sided figure of which the 
opposite sides are parallel j and the diagonal is the straight 
line joining two of its opposite angles. All other four-sided 
figures are called trapeziums. 

Postulates. 

1. Let it be granted that a straight line may be drawn from 
any one point to any other point. 

2. That a terminated straight line may be produced to any 
length in a straight line. 

3. And that a circle may be described from any centre; at 
any distance from that centre. 

Axioms. 

1. Things which are equal to the same thing are equal to 
one another. 

2. If equals be added to equals the wholes are equal 
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3. If equals be taken from equals the remainders are cqnal. 

4. If equals be added to unequals tlie wholes are uneqiial. 

5. If equals be token from unequals the remainders are 
unequal. 

6. Things itrhich are double of the same ore equal to one 
another. 

7. Things which are halves of the same are equal to one 
another. 

8. Magnitudes which coincide with one another, that is, 
which exactly fill the same space, are equal to one another. 

0. The whole is greater than its part. 

10. Two straight lines cannot inclose a space. 

11. All right angles are equal to one another. 

12. Tf a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines being 
continually produced shall at length meet on that side 
on which are the angles which are less than two nght 
angles. 



Explanation of Tenns and Abbreviations* 

An Axiom is a truth admitted without demonstration. 

A Theorem is a truth which is capable of being de- 
monstrated from previously demonstrated or admitted 
truths. 

A Postulate states a geometrical process, the power of 
effecting which is required to be admitted. 

A Problem proposes to effect something by means of 
admitted processes, or by means of processes or constiiic- 
tions, the power of effecting which has been previously 
demonstrated 

A Corollary to a proposition is an inference which may be 
easily deduced from that proposition. 

The sign = is used to express equality. 

L means cmgh^ and A signifies triangle 
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The sign ^*- signiiies " is greater than," and <: " is less 

than." 

+ expresses addition ; thus AB + BC is the line 
whose length is the sum of the lengths of 
AB and BC. 

— exj^resses subtraction ; thus AB - BO is 
the excess of the length of the line AB above 
that of BC. 

AB' means the square described upon the 
straight line AB. 



Proposition 1. — ^Problem. 

To describe an equilateral triangle on a given finite straight 
tine. 

Let AB be the given straight line. 

It is required to describe an equilateral triangle on AB. 

f'romcen- CONSTRUCTION* — From the centre 

B^iiki^ii^ /^ ]^^^r ^\ -^y at the distance AB, describe the 
diu«=AB, / // \\ \ circle BCD (Post 3). 

descnbe / // \\ \ -n i -r* if 

cirdca. f^ ^jj/ \Jj^ ^i From the centra B, at the dis- 
tance BA, describe the circle ACE 
(Post. 3). 

From the point C, in which the 
circles cut one another, draw the 
straight lines CA, CB to the points A and B (Post 1). 

Tlien ABC shaM he an equilateral triangle, 

AC— AB. Proof. — Because the point A is the centre of the circle 
BCD, AC is equal to AB (Def. 15). 

BC=AB. Because the point B is the centre of the circle ACE, BO 
is equal to BA (Def. 15). 

tShS^ Therefore AC and BO are each of them equal to AB. 
AC=BC. But things which are equal to the same thing are equal to 
one another. Therefore AC is equal to BC (Ax:. 1). 

icir^^ Therefore AB, BC, and CA are equal to one another; 

Therefore the triangle ABC is equilateral, and it is de- 
scribed on the given straight line AB. ]yhich was to he done^ 
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Proposition 2.— Problem. 

Fr(yn% a given point to draw a straight line equal to a given 
straight line. 

Let A be the given point, and BC the given straigbt line. 

It is required to draw from the point A a straight line 
equal to BC. 

Construction. — From the point A to B draw the straight 
line AB (Post. 1). 

Upon AB describe the equilateral triangle DAB (Book I., 
Prop. 1). 

Produce the straight lines DA, DB, to E and F (Post 2). 

From the centre B, at the dis- 
tance BC, describe the circle CGH, 
meeting DF in G (Post 3). 

From the centre D, at the dis- 
tance DG, describe the circle GKL, 
meeting DE in L (Post 3). 

Then AL shall be equal to BC. 

Proof. — Because the point B is 
the centre of the circle CGH, BC is 
equal to BG (Def. 15). 

Because the point I) is the centre of the circle GKL, DL 
is equal to DG (Def. 15). 

But DA, DB, parts of them, are equal (Construction). 

Therefore the remainder AL is equal to the remainder BG 
(Ax. 3). 

But it has been shown that BC is equal to £G. 

Therefore AL and BC are each of them equal to BG. 

But things which are equal to the same thing are equal to 
one another, therefore AL is equal to BC (Ax. 1). 

Therefore from the given point A a straight line AL has 
been drawn equal to t£e given straight line BO. Wliich uoas 
to he done. 

Proposition S.— Problem. 

From tlie greater of two given straight lines to cut off apart 
equal to the less. 

Let AB and C be the two given straight lines, of which 
AB is the greater. 




DrawAB. 

ADABo" 
quUateraL 



Basoen* 
tn. 



Das cen- 
tre. 



BCsBa. 



DL=IK3. 



i>A=Da 

/. ALs 
BO. 



.*. ALand 
BCeachs 

Ba. 



/. AL 

Ba 



«c. 
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It is required to cut off from AB, the greater, a part equal 
to C, the less, 

Mij6 AD ^ ^ ^ • Construction. — From the point A 

draw the straight line AD equal to 
(I. 2). 

and radi" (4 ^ Is 5 Fi*om the Centre A, at the distance 

Aix • V I y -^^> describe the circle DEF, cutting 

AB in E (Post. 3). 

Th&fi AE Bhall he equal to 0. 
Proof. — ^Because the point A is the centre of the circlo 
AE=AD. pEF, AE is equal to AD (Def. 15). 
^^=^- But C is also equal to AD (Construction). 

^h=AD. Therefore AE and C are each of them equal to AD. 
.-. AE=c. Therefore AE is equal to C (Ax. 1). 

Therefore, from AB, the greater of two given straight lines, 
a part AE has been cut off, equal to C, the less. Q, E, F,^ 

Proposition 4.— Theorem. 

If two triangles have two aides of the one equal to two sides 
of the other J each to each, and have also the angles contained 
by those sides equal to one another : they shall have their bases, 
or third sides, equal; and the two triangles shall he equal, and 
their other angles shall he equal, each to each, viz., those to 
which the equal sides are opposite. Or, 

If two sides a/nd tJie contained angle of one triangle he re- 
spectively equal to those of another, tJie triangles are equal in 
every respect 

Let ABC, DEF be two triangles which have 
The two Bides AB, AC, equal to the two sides DE, DF, 
AO-DF ^^^ ^ each, viz., AB equal to 

^ ' A J> DE, and AC equal to DF. 

t EDF.^ / \ / \ And the angle BAC equal to 

the angle EDF : — ^then — 

The base BC shall be equal 
to the base EF ; 

The triangle ABO shall bo 
equal to the triangle DEF ; 

* Q. E. F. is on abbreviation for quod erat/actendum, that la '' mhkh 
was to he dom," 



AB=DE. 
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And ihe other angles to which the equal sides are opposite, 
shall be equal, each to each, viz.^ the angle ABC to the angle 
DEF, and the angle ACB to the angle DFE. 

Proof. — For if the triangle ABC be applied to (or placed Suppose 
upon) the triangle DEF, ^^abo ^ 

So that the point A may be on the point D, and the a"der'* 
straight line AB on the straight line DE, 

The point B shall coincide with the point E, because AB 
is equal to DE (Hypothesis). 

And AB coinciding with DE, AC shall coincide with DF, 
because the angle BAC is equal to the angle EDF (Hyp.). 

Therefore also the point C shall coincide with the point F, 
because the straight line AC is equal to DF (Hyp.). 

But the point B was proved to coincide with the point E. 

Therefore the base BO shall coincide with the base EF. 

Because the point B coinciding with E, and C with F, if 
the base BC do not coincide with the base EF, two straight 
lines would enclose a space, which is impossible (Ax. 10). 

Therefore the base BC coincides with the base EF, and is bg=ef. 
therefore equal to it (Ax. 8). 

Therefore the whole triangle ABC coincides with the whole .'. A abo 
triangle DEF, and is equal to it (Ax. 8). = A dep. 

And the other angles of the one coincide with the remain- /: abc = 
ing angles of the other, and are equal to them, viz., the angle j acb*- 
ABC to DEF, and the angle ACB to DFE. ^ i^feT 

Therefore, if two triangles have, &c. (see Enunciation). 
Which was to be shown. 

Proposition 5.— -Theorem. 

The angles at the hose of an isosceles triangle are equal to 
one anotJier ; and if the equal sides be produced, the angles upon 
the other side of the base s/udl also be equxd. 

Let ABC be an isosceles triangle, of which the side AB is ab= ac. 
equal to the side AC. 

Let the straight lines AB, AC {the equal sides of the tri- 
angle), be produced to D and E. 

The angle ABC shall be equal to the angle ACB (an^le^ 
^tth^ base)^ 
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And the angle CBD shall be equal to ilie angle BCE 
(angles u^^on the other side oftJie base). 

Construction. — In BD take any point 
F. 
AGsAP. / \ From AE, tlie greater, cut cH AG, 

equal to AF, the less (I, 3). 

Join FC, GB. 

Proof. — Because AF is equal to AG 
(Construction), and AB is equal to AG 

, (Hyp.), 

rA.ACro- / \ Therefore the two sides FA, AC are 

S:Ga"au. i/ \ equal to the two sides GA, AB, each to 

each j 

And they contain the angle FAG, common to tho tvro 
triangles AFC, AGB. 
.-. FC=C3 Therefore the base FC is equal to the base GB (I. 4); 
=A AGB? .-^^^ *^^ triangle AFC to the tiiangle AGB (I. 4) ; 

And the remaining angles of the one are equal to tho 
z ADG.~ remaining angles of the other, each to each, to which tho 
A AFC = equal sides are opposite, viz., the angle ACF to the angle 

And because the "svhole AF is equal to the whole AG, of 
which the parts AB, AC, are equal (Hyp.), 
BF=CG. The remainder BF is equal to the remainder CG (Ax. 3). 
And FC was proved to be equal to GB ; 
Therefore the two sides BF, FC are equal to the two sides 
CG, GB, each to each. 

And the angle BFC was proved equal to the angle 
CGB; 

Therefore the triangles BFC, CGB are equal; and their 
other angles are equal, each to each, to which the equal sides 
are opposite (I. 4). 
/. z FBO Therefore the angle. FBC is equal to the angle GCB, and 
rLCF^= the angle BCF to the angle CBG. 

z CBG. ^j^^ since it has been demonsti-ated that the whole angle 

ABG is equal to the whole angle ACF, and that tho i>ai'ts of 
these, the angles CBG, BCF, are also equal, 
~ ^Aci? Therefore the remaining angle ABC is equal to the rcmain- 
~ * ing angle ACB (Ax. 3), 

Which p,re the angles at the base cf the triangle ABC, 
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And it has been proved that tlio angle FBC is equal 

to the angle G€B (Dem. 11), 

"Which are the angles upon the other side of the base, 
Therefore the angles at the base, «kc. (see Enunciation). 

Which was to be shown. 

Corollary. — Hence every equilateral triangle is also 
equiangulai'. 

Proposition 6.—- Theorem. 

Jf two angles of a triangle he eqiuil to one anotlier, tJie 
sides also lohich subtend, or are opposite to, tJie eqtcal angles, 
shall be equal to one anotlier. 

Let ABO be a triangle having the angle ABO equal to 
the angle A OB. 

The side AB shall be equal to the side AO. 

For if AB be not eqiial to AC, one of them is gixjater Suppose 
than the other. Let AB be the gi-eater. ab>ac. 

Construction. — From AB, the greater, cut off a part DB, jiak« 
equal to AO, the less (I. 3). ^^ = ^^• 

Join DO. 

Proof. — Because in the triangles DBO, ACB, DB is 
equal to AO, and BO is common to both, 

Therefore the two sides DB, BO are equal 
to the two sides AO, CB, each to each ; 

And the angle DBO is equal to the angle 
AOB (Hyi).) 

Therefore the base DO is equal to the base 
AB (L 4). 

And the triangle DBO is equal to the tri- 
angle ACB (L 4), the less to the greater, ^' "^^ Aa^" 

which is absurd. 

Therefore AB is not unequal to AC, that is, it is equal to it. 

Wherefore, if two angles, &c. Q, E, D,* 

Corollary. — Hence every equiangular triangle is also 
equilateral. 

* Q. E. D. is an abbreviation for quod erat demonstrandum^ that 13, 
** which ivas (0 be shown or proved,** ' 




C£«DB. 
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PropOBition 7.— Theorem. 

Upon the same base, and on tlie same side of it, there cannot 
he two tria/ngles tJiat have their sides ^ which are terminated in 
one extremity of t/ie base, equal to one anot/ier, and likewise 
those which are terminated in tlie otiier extremity. 

Let the triangles ACB, ADB, upon the same base AB, 
and on the same side of it, have, if possible, 
SuppoM c Their sides CA, DA, terminated in the 

CA=DA. r\y\ extremity A of the base, equal to one 

another ; 

And their sides CB, DB, terminated in 
the extremity B of the base, likewise 
equal to one another. 

Case I. — Let the vertex of each triangle 

A il be without the other triangle. 

Construction. — Join CD. 

Proof. — Because AC is equal to AD (Hyp.), 

The triangle ADC is an isosceles triangle, and the angle 
/ ACT) = ACD is therefore equal to the angle ADC (I. 6). 

But the angle ACD is greater than the angle BCD (Ax. 9). 

Therefore the angle ADC is also greater than BCD. 
BDC 5> Much more then is the angle BDC greater than BCD. 

^^^- Again, because BC is equal to BD (Hyp.), 

_ The triangle BCD is an isosceles triangle, and the angle 
JL BCD." BDC is equal to the angle BCD (L 6). 

But the angle BDC has been shown to be greater than the 
angle BCD (Dem 5). 
I BDC =5 Therefore the angle BDC is both eqiial to, and greater than 
/B^. the same angle BCD, which is impossible. 

Case II. — Let the vertex of one of the 
triangles fall within the other. 

Construction. — Produce AC, AD to 
E and F, and join CD. 

Proof. — Because AC is equal to AD 

A{?ain A - ^5^.11 ThetriangleADCisan isosceles triangle, 

^ ^;gg = ^ ^^ and the angles ECD, FDC, upon the other 

pide gf its bas^ CD^ are eyial to one another (I, 5), 
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But the angle ECD is greater than the angle BCD (Ax. 9), 

Therefore the angle FDC is likewise greater than BCD. 

Much more then is the angle BDC greater than BCD. c bgix 

Again, because BC is equal to BD (Hyp.), 

The triangle BDC is an isosceles triangle^ and the angle zbdos 
BDC is equal to the angle BCD (L 6). ^ ^^• 

But the £^gle BDC has been shown to be greater than the 
angle BCD. 

Therefore the angle BDC is both equal to, and greater than .*. zbdo 
the same angle BCD, which is impossible. >*°BCD. 

Therefore, upon the same, base, (fee, Q, E, J), 

Proposition 8.~Theorem. 

If two triangles have two sides of the one equal to two sides 
of the other, each to each, and have likewise their hoses eqiud, 
the angle which is contained by the two sides of t/ie one shaU 
he equal to the angle contained hy tlie two sides, equal to thentf 
of the other. Or, 

If two triangles luive three sides of the one respectively equal 
to the three sides of the other, they are equal in every respect, 
those angles being equal which a/re opposite to the equal sides. 

Let ABC, DEF be two triangles which have 

The two sides AB, AC equal to the two sides DE, DP, o^«» ^^ 
each to each, viz., AB to DE, and AC to DF, ac =. dp,' 

And the base BC equal to the base EF. ^^ gp^ 

The angle BAC shall be equal to the angle EDF, 

Proof. — For if the triangle ABC be applied to the triangle 
DEF, 

So that the point B may be on E, and the straight, line BC 
onEF, 

The point C shall coin- j^ D G Make bo 

cide with the point F, tv r\/\ ^'toEP 

because BC is equal to EP 

(Hyp.). 

Therefore, BC coincid- 
ing with EF, BA and AC 
fcjhall coincide with ED 
and DF. 

For if the base BC coincides with the base EF, 

B 
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But the Bides BA, AC, do not coincide with the sides 
ED, DF, but have a different situation, as EG, GF, 

Then upon the same base, and on the same side of it, there 
•will be two triangles, which have their sides terminated in 
one extremity of the base equal to one another, and likewise 
their sides, which are terminated in the other extremity. 
But this is impossible (I. 7), 
/.BA, AC Therefore, if the base BO coincides with the base EF, the 
ly^iSncide sides BA, AC must coincide with the sides ED, DF. 
^**py , Therefore the angle BAC coincides with the angle EDF, 
and is equal to it (Ax. 8). 

Also the triangle ABC coincides with the triangle DEF 
and is therefore equal to it in every respect (Ax. 8). 
Therefore, if two triangles, <fec. Q. £, J), 

Proposition 9.— Problem. 

To bisect a'givenrectili'nfial angle, that is, to divide it into two 

equal parts. 
Let BAC be the given rectilineal angle. 

It is required to bisect it. 
Construction. — Take any point D in AB. 
Maice . . / \ From AC cut off AE equal to AD (I. 3). 

AE-AD, fr-vAf' JoinDE. 

■A DEFe-" / \ / \ ' ^pon DE, on the side remote from A, de- 
quiiateral. / \J/ \ scribe an equilateral triangle DEF (L 1). 
3B P JoinAF. 

Then tlie straight line AF shall bisect the angle BAC. 
Proof. — Because AD is equal to AE (Const.), and AF is 
common to the two triangles DAF, EAF; 

The two sides DA, AF are equal to the two sides EA, 
AF, each to each ; 

And the base DF is equal to the base EF (Const.) ; 
/. I DAF Therefore the angle DAF is equal to the angle EAF (I. 8). 
*" ^ • Therefore the given rectilineal angle BAC is bisected by 
the straight line AF. Q, E, F, 

Proposition 10.— Problem. 

To bisect a given finite straight line, that is, to divide it into 
two equal parts. 
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Make 

AABCe- 

quilateral 

and 

/ACDb« 

I BCD. 



AD 



DB. 



Let AB he the given straight line. 

It is required to divide it into two equal parts. 

Construction. — Upon AB describe the 
equilateral triangle ABC (I. l). 
. Bisect the angle ACB by the straight lino 
CD (I. 9). 

Then AB sIuiU be cut into two equal parts 
in the point D, 

Proof. — ^Becaaso AC is equal to CB -^ 
(Const.), and CD common to the two triangles ACD, BCD ; 

The two sides AC, CD are equal to the two sides BC, 
CD, each to each; 

And the angle ACD is equal to the angle BCD (Const) ; 

Therefore the base AD is equal to the base DB (I. 4). 

Therefore the straight line AB is divided into two equal 
pai-ts in the point D. Q. B, F. 

Proposition 11.— Problem. 

To draw a straight line at right angles to a given straight 
line from a given point in the same. 

Let AB bo the given straight line, and C a given point in it. 

It is requii'ed to diuw a straight line from the point C at 
right angles to AB. 

Construction. — ^Take any point D in AC. 

Malce CE equal to CD (I. 3). 

Upon DE describe the equilateral triangle DFE (I. 1). 

Join FC. y 

Tlien FC shaU be at right angles 
to AB. 

Proof. — ^Because DC is equal to 
CE (Const.), and FC common to 
the two triangles DCF, ECF ; ^ 

The two sides DC, CF, are equal a d 
to the two sides EC, CF, each to each ; 

And the base DF is equal to the base EF (Const.); 

Therefore the angle DCF is equal to the angle ECF (I. 8) ; ^ dcf . 

And they are adjacent angles. ' 

But when a stmght line, standing on another straight 
line, makes the adjacent angles equal to one another^ each of 
tho angles w callcdl ft pght angle (Def. 10) ; 



UakeCE^ 
e=r CD an4 
A DEF e- 
qxiilateral. 
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^KFari Therefore each of the angles DCF, EOF is a right angle, 
right Therefore from the given point in the given sti-aight lino 

wgiea. ^B, a sti-aight line FC has been drawn at right angles to 
AB. Q. E. F. 

Corollary. — ^By help of this problem, it may be demon- 
strated that 

Two straight lines cannot have a common segment. 
If it be possible, let the two straight lines ABO, ABD, 
OB have the segment AB common to 

both of them. 

Construction. — From the point 
p B, draw BE at right angles to AB 

(1. 11). 



Va1c« 

ZABEft 

riffbtil 



/ CBE ^ -^ ^ ^ Proof. — Because ABC is a 

z EBA. straight line, the .angle CBE is equal to the angle EB A 

and (Def. 10). 

/ DBE a Also, because ABD is a straight line, the angle DBS is 

^ ^^^ equal to the angle EBA (Def. 10). 

.'. z DBE Therefore the angle DBE is equal to the angle CBE. The 

t5 ^ CBE, less to the greater; which is impossible. 

Therefore two straight lines cannot have a common seg- 
ment. 

Proposition 12.— Problem. 

To draw a straight line perpendicular to a given straight 
lirie o/ unlimited length, Jrom a given point without it. 

Let AB be the given straight line, which may be produced 
to any length both ways, and let C be a point without it. 

It is required to draw from the point C, a straight line 
perpendicular to AB. 

Construction. — ^Take any point 
D upon the other side of AB. 
CD ftB ra- V / \ From the centre C, at the distance 

dius. \ / \ yii ^^t describe the cii^cle EGF, meetr 

y ing AB in F and G (Post. 3). 
Bisect pa A jp'^-...^^ — Ha B Bisect FG in H (I. 10). 
^^ ^ Join CF, CH, CG. 

Tlien CH sImU be perpendicular to AB. 
Proof. — Because FH is equal to HG Const), and HO 
common to the two triangles FHC, GHC. 
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The Wo Bidea FH, HO are equal to the two sides GH, 
HO, each to each ; 

And the base OF is equal to the base CG (Def. 15) ; 

Therefore the angle CHF is equal to the angle CHG (I. 8), .'.adjacent 
and thej are adjacent angles. ^f^cho 

But when a straight line, standing on another straight ^^ «<i"*^ 
line, makes the adjacent angles equal to one another, each of 
the angles is called a right angle, and the straight line which 
stands on the other is called a perpendicular to it ^Def. 10). 

Therefore, from the given point C, a perpendicular has 
been drawn to the given straight line AB. Q. E. F. 

Proposition 13. — Theorem. 

The angles which one straight line makes with another upon 
one side of it, a/re eit/ier two right angles, or are together equal 
to two right angles. 

Let the straight line AB make with CD, upon one side of 
it, the angles CBA, ABD. 

These angles shall either be two right angles, or shall to- 
gether be equal to two right angles. 

Proof. — If the angle CBA be equal to the angle ABD, 
each of them is a right angle (Def. 10). 

But if the angle CBA be not equal to the angle ABD, 
from the point B, draw BE at right angles to CD (I. 11). 

Therefore the angles CBE, EBD, are two right angles. ^be «• 

Now the angle CBE is equal to the two angles CBA, ABE; z ebd =. 
to each of these equals add the angle EBD. * ^^^^ ^' 



i> B :6 g 




Therefore the angles CBE, EBD, are equal to the three V EBO^i 



angles CBA, ABE, EBD (Ax. 2). ^ abe + 

Again, the angle DBA is equal to the two angles DBE, zEBD,ai- 

EBA ; to each of these equals add the angle ABC. !f ^ Jbc 

Therefore the angles DBA, ABC, are equal to the three ■» ^ ^^^ 

angles DBE, EBA, ABC (Ax. 2). X i SSo. 
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But the angles CBE, EBD have been shown to be equal 
to the same three angles ; 

And things which are equal to the same thing are equal 
to one another ; 
/. I CBE Therefore the angles CBE, EBD, are equal to the angles 

= z DBA ^^^^ ^^C (^^- !)• 

-^ ^ ABC. But the angles CBE, EBD are two right angles. 

Therefore the angles DBA, ABC, are together equal to 
two right angles (Ax. 1). 

Therefore, the angles which one straight line, tfcc. (?. E» D, 



Given 
z ABC+ 
z ABD=3 
two right 
ftiigles. 



If possible, 
let CBE be 
a straight 
line. 






I ABE 
Z ABD. 



Proposition 14. — Theorem. 

Iff at a point in a straight line, two other straight lines ^ 
upon the opposite sides of it, make the adjacent angles together 
equal to two right angles, these two straight lines shall he in 
one and the same straight line. 

At the point B in the straight line AB, let the two 

straight lines BC, BD, uix)n tho 
opposite sides of AB, make the ad- 
jacent angles ABC, ABD together 
equal to two right angles. 

BD shall be in the same straight 
line with BO. 

For if BD be not in the same 
straight line with BC, let BE be in 
the same straight line with it. 

Proof. — Because CBE is a straight line, and AB meets 
it in B. 

Therefore the adjacent angles ABC, ABE are together 
equal to two right angles (I. 13). 

But the angles ABC, ABD, are also together equal to two 
right angles (Hyp.) ; 

Therefore the angles ABC, ABE, are equal to the angles 
ABC, ABD (Ax. 1). 

Take away the common angle ABC. 

The remaining angle ABE is equal to the remaining angle 
ABD (Ax. 3), the less to the gi-eater, which is impossible ; 

Therefore BE is not. in the same straight line with BC. 




n 



D 
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And, in like manner, it may be demonstrated that no 
other can be in the same straight line with it but BD. 
Therefore BD is in the same straight line with BCl 
Therefore, if at a point, <fcc. Q, E, D, 



Proposition 15.— Theorem. 

If two straight lines cut (me another, the vertical^ or opposite 
angles shall he eqv^L 

Let the two straight lines AB, CD cut one another in the 
point E. 

The angle AEG shall be equal to C' 
angle DEB, and the angle CEB to 
the angle AED. A E\r 5" 

Proof. — Because the straight line j3 ^ ^^j^ 4. 

AE makes with CD, the angles CEA, ^ aed - 

AED, these angles are together equal to two right angles angtea. 
(L13). 

Again, because the straight line DE makes with AB the 
angles AED, DEB, these also are together equal to two right z deb = 
angles (I. 13). ^^ 

But the angles CEA, AED have been shown to be 
together equal to two right angles. 

Therefore the angles CEA, AED are equal to the angles 
AED, DEB (Ax. 1). 

Take away the common angle AED. 

The remaining angle CEA is equal to the remaining angle . ^ ^^ 
DEB (Ax. 3). = ^ DEB. 

In the same manner it can be shown that the angles CEB, 
AED are equal. 

Therefore, if two straight lines, &c. Q, E. D, 

Corollary 1. — From this it is manifest that if two 
straight lines cut one another, the angles which they make at 
the point where they cut, are together equal to four right 
angles. 

Corollary 2. — And, consequently, that all the angles 
made by any number of lines meeting in one point are 
together equal to four right angles, provided that no one of 
the angles be included in any other angle. 



24 



CEOM£!rtLY. 



Hakd 

AEsEC. 

and 

£FsBK. 



/, /BAE 
aB<^ ECF, 



^ACD 
'^BAE. 



Proposition 16.— Theorem. 

If one side of a triangle he prodtused, the exterior angle 
shall be greater t/ian eitlier of the interior opposite angles. 

Let ABC be a triangle, and let its side 6C be produced to D. 
The exterior angle ACD shall be greater than either of the 

interior opposite angles CBA, BAG. 

Construction, — ^Bisect AC in E 
(T. 10). 

Join BE, and produce it to F, 
making EF equal to BE (I. 3), and 
joinFC 

Peoop. — Because AE is equal to 
EC, and BE equal to EF (Const), 

AE, EB are equal to CE, EF, 
each to each ; 

And the angle AEB is equal to the angle CEF, because 
they are opposite vertical angles (I. 15). 

Therefore the base AB is equal to the base CF (T. 4) ; 
And the triangle AEB to the triangle CEF (I. 4) ; 
And the remaining angles to the remaining angles, each to 
each, to which the equal sides are opposite. 

Therefore the angle BAE is equal to the angle ECF 
(I. 4). 

But the angle ECD is greater than the angle ECF 
(Ax. 9) ; 

Therefore the angle ACD is greater than the angle BAE. 
In the same manner, if BC be bisected, and the side AC be 
produced to G, it may be proved that the angle BCG (or its 
equal ACD), is greater than the angle ABC. 
Therefore; if one side, &c. Q, E, D. 




Proposition 17. — Theorem* 

Any two angles of a triangle are together less t/ian two right 
angles. 

Let ABC be any triangle. 

Any two of its angles together shall be less than two right 
angles. 
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Construction. — Produce BC to D. 

Proof. — Because ACD is the ex- /\ ^ ^^; 

tenor angle of the triangle ABC, it is 

greater than the interior and opposite 

angle ABC (I. 16). 

To each of these add \h.Q angle Z 1 ^V?^^ 

ACB. ^ CD ^^^^- 

Therefore the angles ACD, ACB are greater than the ^. arc + 
angles ABC, ACB (Ax. 4). ^^^ ^ 

But the angles ACD, ACB are together equal to two *ngie«. 
right angles (I. 13); 

Therefore the angles ABC, ACB are together less than 
two right angles. 

In like manner, it may be proved that the angles BAC, 
ACB, as also the angles CAB, ABC are together less than, 
two right angles. 

Therefore, any two angles, <fec. Q. E» D. 



Proposition 18.— Theorem. 

The greater side of every triangle is opposite t/ie greater angle. 

Let ABC be a triangle, of which the side AC is greater ac > ab 
than the side AB. 

The angle ABC shall be greater than 
the angle BCA. 

Construction. — Because AC is / _^-^^^^^ ad'-a" 
greater than AB, make AD equal to Z,^---^^^ ^s^ ~ ^ 

AB (I. 3), and join BD. B O 

Proof. — Because ADB is the exterior angle of the triangle ^ adb5> 
BDC, it is greater than the interior and opposite angle BCD ^ bod, 
(I. 16). and 

But the angle ADB is equal to the angle ABD ; the j ^g^ ~ 
triangle BAD being isosceles (I, 5), and 

Therefore the angle ABD is greater than the angle BCD il/ijci? 
{or ACB). 

Much more then is the angle ABC greater than the angle 
ACB. 

Therefore, the greater side, «kc. Q, E. D, 
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Proposition 19. — Theorem. 

The greater angle of every triangle is svhtended hy the 
greater side, or has the' greater side opposite to it 

z* ADC >- I^et ABC be a triangle, of which the angle ABC is greater 
^ ^CA. than the angle BCA; 

The side AC shall be greater than the side AB. 

Proof. — If AC be not greater than 
AB, it must either be equal to or less 
than AB. 

It is not equal, for then the angle 
ABC would be equal to the angle BCA 
(I. 5) ; but it is not (Hyp.) ; 
AC not « Therefore AC is not equal to AB. 

Neither is AC less than AB, for then the angle ABC 
would be less than the angle BCA (I. 18); but it is not 
(Hyp.) ; 
AC not < Therefore AC is not less than AB. 

And it has been proved that AC is not equal to AB ; 
Therefore AC is greater than AB. 
Therefore, the greater angle, &c. Q. E. D. 

Proposition 20. — Theorem. 

Any two sides of a triangle are togetlier greater tluin tlie 
ihird side. 

Let ABC be a triangle ; 

Any two sides of it are together greater than the third side. 
Maice Construction. — Produce BA to the point D, making AD 

A^ = AC- equal to AC (I. 3), and join DC. 

Proof. — Because DA is equal to AC, the angle ADC is 
equal to the angle ACD (I. 5). 

But the angle BCD is greater than the angle ACD (Ax. 9); 
^ ^^/? ^ Therefore the angle BCD is greater than the angle ADC 
^ j5 {or BDC). 

And because the angle BCD of the 

triangle DCB is greater than its angle 

BDC, and that the greater angle is 

subtended by the greater side ; 

.•,DB>BC. ^ ^ Therefore the side DB is greater 

Oian the side BC (I. 19). 
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But BD is equal to BA and AC ; 

Therefore BA, AC are greater than BC. Acr^no, 

In the same manner it may be proved that AB, BC are 
greater than AC ; and BC, CA greater than AB. 
Therefore any two sides, <fec. Q, E, J). 

Proposition 21. — Theorem. 

If from tlie eruls of the side of a triangle tJiere he drawn 
two straight lines to a j^oint within the triangle, these shall he 
less than the other two sides of the triangle, hut s/uiU contain 
a greater angle. 

Let ABC be a triangle, and from the points B, C, the ends 
cf the side BC, let the two straight lines BD, CD bo drawn 
to the point D within the triangle; 

BD, DC shall be less than the sides BA, AC ; 

But BD, DC shall contain an angle BDC greater than 
tho angle BAC. 

Construction. — ^Produce BD to E. 

Proof. — 1. Because two sides of a 
triangle are greater than the third side 
(T. 20), the two sides BA, AE, of the 
triangle BAE are greater than BE. 

To each of these add EC. ; 

Therefore the sides BA, AC, are B O 

greater than BE, EC (Ax. 4). ?.^3E +^ 

Again, because the two sides CE, ED, of the triangle E^ 
CED are greater than CD (I. 20), 

To each of these add DB. 

Therefore CE, EB are greater than CD, DB (Ax. 4). 

But it has been shown that BA, AC are greater thanj^^^ 
BE, EC ; + DB. 

Much more then are BA, AC greater than BD, DC. 

Proof. — 2. Again, because the exterior angle of a 
liiangle is greater than the interior and opposite angle 
(I. 16), therefore BDC, the exterior angle of the triangle ^^dc> 
CDE, is gi-eater than CED or CEB. ^ ^^^ ceb. 

For the same reason, CEB, the exterior angle of the tii- *^" ceb > 
angle ABE; is greater than the angle BAE or BAC. ^ b^e. 
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And it; lias been shown that the angle BBC is greater 
than CEB ; 
• 1 BDO Much more then is the angle BDC greater than the angle 
>zBAC. BAG. 

Therefore, if from the ends, <S:c. (J. E, D, 

« 

Proposition 22.— Problem. 

To nidke a triangle of whicJi tlie sides sJwU he equal to three 
given straight lines, hut any two wJiatever of t/tese lines Qiiust 
be greater tJum tlie third (I. 20). 

Let A, B, C be the three given straight lines, of which 
any two whatever are greater than the thii'd — namely, A 
and B greater than C, A and C gi^eater than B, and B and 
greater than A ; 

It is required to make a triangle of which the sides shall 
be equal to A, B, and C, each to each. 

Construction. — Take a straight line DE terminated at 

^^ ^s^ the point D, but unlimited to- 

/^ ^VTc wards E. 

DP, po, / /^^^\ Make DF equal to A, FG 

S"ir= a; J ^1 \\ E eqiial to B, and GH equal to 

\ ^^-U^ From the centre F, at th3 

n) as x. y^ distance FD, describe the circle 

radiuB. ^^- -^ -g DKL (Post. 3). 

•ndOH From the centre G, at the distance GH, describe the 

^"^"^ circle HLK (Post. 3). 
Join KF, KG. 

Tlven tJie triangle KFG sJiall luxve its sides equal to the three 
straight lines A, B, C. 

Proof.^ — Because the point F is the centre of the circle 
DKL, FD is equal to FK (Def. 15). 
But FD is equal to A (Const.) ; 
FK =3 A. Therefore FK is equal to A (Ax. 1). 

Again, because the point G is the centre of the circle 
HLK, GH is equal to GK (Def. 15). 
But GH is equal to G (Const.) ; 
CK = c. Therefore GK is equal to C (Ax. 1), 
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And FG is equal to B (Const.) ; fg 

Therefore the three straight lines KF, FG, GK are equal 

to the three A, B, C, each to each. 

Therefore the triangle KFG has its three sides KF, FG, 

GK equal to the three given straight lines A, B, C 

<?. E. F. 

Proposition 23.— Problem. 

At a given point in a given straight line, to make a recti" 
lineal angle equal to a given rectilineal angle. 

Let AB be the given straight line, and A the given point 
in it, and DCE the given rectilineal angle. 

It is required to take an angle at the point A, in the 
straight line AB, equal to the rectilineal angle DCE. 

Construction. — In CD, CE, 
take any points D, E, and join 
DE. 

On AB construct a triangle 
AFG, the sides of which shall be 
equal to the three straight lines 
CD, DE, EC — namely, AF equal D 
to CD, FG to DE, and AG to EC 
(I. 22) ; 

Then the angle FAG shall he equal to the angle DCE. 

Proof. — Because DC, CE are equal to FA, AG, each to 
each, and the base DE equal to the base FG (Const.), 

The angle DCE is equal to the angle FAG (I. 8). 

Therefore, at the given point A, in the given straight line 
AB, the angle FAG has been made equal to the given recti- 
lineal angle DCE. Q, K F. 



sB 




Make 

A AFG so 

that 

AF = CD 

F0 = DE 

AG = CE, 



Then 

z DCE: 

z FAG 



Proposition 24. — Theorem. 

If two triangles have two sides of the one equal to two sides 
of the other ^ each to each, hut the angle contained hy the two 
sides of one of them greater than the angle contained hy the two 
sides equal to them of (he other, the hose of tJiat which has the 
greater angle shall he greater than the hose of the other. 
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Sappom 
DF^DE. 



Make JL 
EDG = 
z BAG. 

Make DO 
= AC.aiul 
s=PF. 



.•.BC=Ea 





and 

J. EFG: 
J £GF. 



•'•Ea>£F. 



Let ABC, DEF, be two triangles whicli have 
The two sides AB, AC equal to the two DE, DF, each to 
each — ^namely, AB to DE,and AC to DF, 

But the angle BAC greater than the angle EDF; 
The base BC shall be greater than the base EF. 
Construction. — Let the side DF of the triangle DEF be 

greater than its side DE. 

Then at the point D, in 
the straight line ED, make 
the angle EDG equal to the 
angle BAC (I. 23). 

Make DG equal to AC 
or DF (L 3). 
Join EG, GF. 
Proof.— ^Because AB is 
equal to DE (Hyp.), and AC to DG (Const), the two sides 
BA, AC are equal to the two ED, DG, each to each ; 
And the angle BAC is equal to the angle EDG (Const.) ; 
Therefore the base BC is equal to the base EG (I. 4). 
And because DG is equal to DF (Const.), the angle DFG 
is equal to the angle DGF (L 5). 

But the angle DGF is greater than the angle EGF (Ax. 9); 
Therefore the angle DFG is greater than the angle EGF ; 
' Much more then is the angle EFG greater than the angle 
EGF. 

And because the angle EFG of the triangle EFG is greater 
than its angle EGF, and that the greater angle is subtended 
by the greater side, 

Therefore the side EG is greater than the side EF (L 19). 
But EG was proved equal to BC ; 
Therefore BC is greater than EF. 
Therefore, if two triangles, &c. Q, E, D, 



Proposition 25.— Theorem. 

If two triangles have two sides of the one equal to two sides 
oftlie other y each to each, hut the base of the one greater than 
the base of tJie otiier, the angler contained by the sides of that 
which has the greater base shall be greater tJuin the angle 
contained by the sides equal to tliem of the other. 
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Let ABO, DEF, be two triangles, whicli liave 

The two sides AB, AC equal to the two sides DE, DF, 
each to each — namely, AB to DE, and AC to DF, 

But the base BC gi^eater ihan the base EF ; 

The angle BAC shall be greater than the angle EDF« 

Peoof. — For if the angle 
BAC be not greater than the ^ l) 

angle EDF, it must either be 
equal to it or less. 

But the angle BAC is not 
equal to the angle EDF, for 
then the base BC would be 
equal to the base EF (I. 4), but 
it is not (Hyp.); 

Therefore the angle BAC is not equal to the angle EDF; ^^^Idf! 

Neither is the angle BAC less than the angle EDF, for 
then the base BC would be less than the base EF (I. 24), but 
it is not (Hyp.), 

Therefore.the angle BAC is not less than the angle EDF. 4:^^edr 

And it has been proved that the angle BAC is not equal 
to the angle EDF; 

Therefore the angle BAC is greater than the angle EDF, 

Therefore, if two triangles, (kc. Q. E, D. 

Proposition 86.— Theorem. 

If two triangles have two angles of the one equal to two 
angles of the otJwr, each to each, a'nd one side equal to one 
side — namel'i/y either the side adjacent to the equal angles in 
eachy or the »ide opposite to theni ; then shall t/ie other sides be 
equal, each to each^ and also the third angle of the one equal 
to tJie third angle of tlie other. Or, 

If two angles and a side in one triangle he respectively equal 
to two angles and a corresponding/ side in anot/ier triangle, the 
triangles sJwU he equal in every respect. 

Let ABC, DEF be two triangles, which have 

The angles ABC, BCA equal to the angles DEF, EFD, 
each to each—namely, ABC to DEF, and BCA to EFD; 

Also one side equal to one side. 

Case 1. — First, let the sides adjacent to the equal angles bc!?ep. 
in each be equal— namely, BO to EF; 
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Then shall the side AB be equal to BE, tte Bide AC to 
DF, and the angle BAG to the angle EDF. 

For if AB be not equal to DE, one of them must be 

greater than the other. Let AB 
be the greater of the two. 
. Construction. — Make BG 
equal to DE (I. 3), and join GC. 
Proof. — Because BG is 
equal to DE (Const), and BO 
F is equal to EF (Hyp.), the two 
sides GB, BC are equal to the two sides DE, EF, ea^h to 
each. 

And the angle GBC is equal to the angle DEF (Hyp.); 
Therefore the base GC is equal to the base DF (I. 4), 
And the triangle GBC to the triangle DEF (I. 4), 
And the other angles to the other angles, each to each, to 
which the equal sides are opposite ; 

Therefore the angle GCB is equal to the angle DFE (I. 4). 
But the angle DFE is equal to the angle BCA (Hyp.) ; 
Therefore the angle GCB is equal to the angle BCA (Ax. 
1), the less to the greater, which is impossible; 

Therefore AB is not unequal to DE, that is, it is equal to 
it; and BC is equal to EF (Hyp.) ; 

Therefore the two sides AB, BC are equal to the two sides 
DE, EF, each to each, 

And the angle ABC is equal to the angle DEF (Hyp.) ; 
Therefore the base AC is equal to the base DF (I. 4), 
And the third angle BAC to the third angle EDF (I. 4). 

Case 2. — Next, let the sides which are opposite to the 
equal angles in each triangle be equal to one another — ^namely, 
AB equal to DE. 

Likewise in this case the other sides shall be equal, AC to 
A D DF, and BC to EF; and also the 

angle BAC to the angle EDF. 
For if BC be not equal to 
EF, one of them must be greater 
than the other. Let BC be the 
greater of the two. 
F Construction. — Make BH 
equal to EF (L 3), and join AH, 
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Proof. — Because BH is equal to EF (Const.), and AB is bh = ef, 

equal to DE (Hyp.), the two sides AB, BH are equal to the ^^ ~ ^^ 

two sides DE, EF, each to each, 

And the angle ABH is equal to the angle DEF (Hyp.); j abh = 

Therefore the base AH is equal to the base DF (I. 4), 

And the triangle ABH to the triangle DEF (I. 4), 

And the other angles to the other angles, each to each, to 

which the sides are opposite ; 

Therefore the angle BHA is equal to the angle EFD (I. 4). . ^ ^jj^ 
But the angle EFD is equal to the angle BCA (Hyp.) ; = z efd 
Therefore ^e angle BHA is also equal to the angle BCA ~^ ^^^ 

(Ax. 1); 

That is, the exterior angle BHA of the triangle AHC, is 

equal to its interior and opposite angle BCA, which is 

impossible (I. 16); 

Therefore BC is not unequal to EF — ^that is, it is equal to it ; BC not 

and AB is equal to DE (Hyp.) ; STef. 

Therefore the two sides AB, BC are equal to the two sides 

DE, EF, each to each. 

And the angle ABC is equal to the angle DEF (Hyp.) ; 
Therefore the base AC is equal to the base DF (I. 4), 
And the third angle BAC is equal to the third angle 

EDF (I. 4). 
Therefore, if two triangles, &c, Q, E. D. 

Proposition 27.— Theorem. 

If a straight line fading upon two other straight lines make 
the alternate a/ngles equal to one another, these two straight 
lines shall be parallel. 

Let the straight line EF, which 
falls upon the two straight lines 

AB, CD, make the alternate angles ^ y B Given 

AEF, EFD, equal to one another. / ^^N<- ^ efd* 

AB shall be parallel to CD. 

For if AB and CD be not parallel, 

they will meet if produced, either 

towards B, D, or towards A, C. 

Let them be produced; and meet towards B, D, in the. 

point G. 

c 
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i AEP >• Proof. — ^Then GEF is a triangle, and its exteriol* angle 
i. EFO, AEF is greater than the interior and oj)posite angle EFG 

*ndal«> (I. 16). 

= i ETG. But the angle AEF is also equal to EFG (Hyp.), which is 
impossible ; 

Therefore AB and CD, being produced, do not meet 
towards B, D. 

In like manner it may be shown that they do not meet 
towards A, C. 

But those straight lines in the same plane which being 
produced ever so far both ways do not meet ai*o parallel 
(Def. 34) ; 

Therefore AB is parallel to CB. 

Therefore, if a straight line, <kc. Q, E, JX 

Proposition 28.— Theorem. 

If a straight line falling upon two otJier straight lines make 
the exterior angle equal to the interior and opposite upon tJie 
eame side of the line, or make tJie interior angles upon the same 
side togetlier equal to two right angles, tJie two straight lines 
shaU he parallel to one anotlier. 

Let the straight line EF, which falls upon the two straight 
lines AB, CD, make — 

The exterior angle EGB equal to the interior and opposite 
E\ angle GHD, upon the same side ; 

Or make the interior angles on the 
-B same side, the angles BGH, GHD, 
together equal to two right angles ; 

C ^-%; ^D ^S shall be parallel to CD. 

Proof 1.— Because the angle EGB 
P is equal to the angle GHD (Hyjx), 

And the angle EGB is equal to the angle AGH (I. 15) ; 
I AGHa Therefore the angle AGH is equal to the angle GHD 
' ^"^ (Ax. 1), and these angles are alternate; 

Therefore AB is parallel to CD (I. 27). 
Proof 2. — ^Again, because the angles BGH, GHD ai-o 
equal to two right angles (Hyp.), 

And the angles BGH, AGH are also equal to two ri^ht 
angles (I. 13). 




^ GHD. 
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Therefore the angles BGH, AGH are equal to the angles /. i Bon 
BGH, GHD (Ax. 1). i^ ^gg 

Take away the common angle BGH. + ^ <**^« 

Therefore the remaining angle AGH is equal to the remain- /. ^ aoh 
ing angle GHD (Ax. 3), and they are alternate angles. = ^ ^^^* 

Olierefore AB is parallel to CD (I. 27). 

Therefore, if a straight line, <fec. Q, E, D. 



Froposition 29. — Theorem. 

If a straight line fall upon two parallel straiglitlinesyit makes 
tlie (dtemate angles equal to one anjotlier, and tli^ exterior angle 
equal to the interior and opposite upon tJie same side; and 
also the two iiiterior angles upon tJie same side together equal to 
two right angles. 

Let the straight line EF fall upon the parallel straight 
lines AB, CD; 

The alternate angles AGH, GHD shall be equal to one 
another. 

The exterior angle EGB shall be 
equal to GHD, the interior and op- 
posite angle upon the same side ; A ^»^^ — B 

And the two interior angles on the 
same side BGH, GHD shall be to- c- 
gether equal to two right angles. 

For if AGH be riot equal to ' \P ^ ^q^ 

GHD, one of them must be greater giid. 

than the other. Let AGH be the gi-eater. (suppose.) 

Proof. — Then the angle AGH is greater than the angle 
GHD; to each of them add the angle BGH. 

Therefore the angles BGH, AGH are greater than the 
angles BGH, GHD (Ax. 4). 

But the angles BGH, AGH are together equal to two light 
angles (1. 3). . ^ ^^ 

Therefore the angles BGH, GHD are less than two right + z ghd 

angles. ^ • w^es^'*^^* 

But if a straight line meet two straight lines, so as to 
make the two interior angles on the same side of it taken 
together less than two right angles, these straight lines being 
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oontinuallj produced, shall at lengtli meet on tliat side en 
which are the angles which are less than two right angles 
(Ax. 12); 

Hence Therefore the straight lines AB, CD will meet if produced 

abmkI far enoiifflL 

CD meet, *«"^"v"6**- 

and are But thej cannot meet, because they are parallel straight 

«r^^ lines (Hyp.); 

nU une- Therefore the angle AGH is not unequal to the angle 

^^m CHID — that is, it is equal to it 

^ ™* But the angle AGH is equal to the angle EGB (I. 15) ; 

ud Therefore the angle EGB is equal to the angle GHD 

4 GHD, v-^J^ *;• 

Add to each of these the angle BGH. 
Therefore the angles EGB, BGH, are equal to the angles 
BGH, GHD (Ax. 2). 

But the angles EGB, BGH, are equal to two right angles 
(I. 13). 
ZBGR + Therefore also BGH, GHD, are equal to two right angles 
ZGHDa (Ax. 1). 
^to?^' Therefore, if a straight line, (fee. Q. E. D. 



Proposition 30.-*Theor6nL 

Straight lines which a/re parallel to the eame straight lines 
are pa/raUd to one am^other. 

Let AB, CD be each of them parallel to EF ; 
AB shall be parallel to CD. 

CoNSTRUCTiOK. — Let the straight line GHK cub AB, 

/ EP, CD. 
I ^g^^ / Proof. — BecauseGHKcutsthepar- 

^ GHP,"" A- %C B allel straight lines AB, EF, the angle 

/ AGH isequal to the angle GHF (1. 29). 

*** GHF as * / * Again, because GK cuts the parallel 

I GKD. -%/ straight lines EF, CD, the angle G-HF 

^ T is equal to the angle GKD (I. 29). 

/ Ajid it was shown that the angle 

AGK is equal to the angle GHF ; 
.•. L AGK Therefore the angle AGK is equal to the angle GKX' 



i. OKD. 



(Ax. 1), and they are alternate angles ; 
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Therefore AB is parallel to CD (I. 27). 
Therefore, straight lines, &c. Q, E. D. 

Proposition 81. — ^Problem. 

To draw a straight line through a given pointy jx^raUel to a 
given straight line. 

Let A be the given point, and BC the given straight line. 

It is required to draw a straight line through the point A, 
parallel to BC. ^ ^ 

Construction. — In BC take any S. ' "" 

point D, and join AD. 

At the point A, in the straight line 
AD, make the angle DAE equal to tho B J> 3 ^*^® ^ 

angle ADC (I. 23). z adc. 

Produce the straight line EA to F. 

2'hen EF shall be parallel to BC. 

Pnoop. — Because the straight line AD, which meets the ^^Tj^*"* 
two straight lines BC, EF, makes the alternate angles EAD, angles. 
ADC equal to one another ; 

Therefore EF is parallel to BC (I. 27). 

Therefore, the straight line EAF is drawn through the 
given point A, parallel to the given straight line BC- Q, E, F. 

Proposition 82.— Theorem. 

Tf a side of any triangle he produced^ tlie exterior angle is 
equal to the two interior and opposite angles ; and tJie three 
interior angles of every triangle are equal to two right angles. 

Let ABC be a triangle, and let one of its sides BC be pro- 
duced to D; 

The exterior angle ACD shall be equal to the two interior 
and opposite angles CAB, ABC ; 

And the three interior angles 
of the triangle — ^namely, ABC, 
BCA, CAB, shall be equal to 
two right angles. ^ - — — ^ ■ — S 

Construction. — ^Through the ^ Make 

point C, draw CE parallel to AB (I. 31). ^^""^ 
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Tiicn Proof. — Because AB is parallel to CE, and AC meets 

j ACE ^ them, the alternate angles BAG, ACE are equal (I. 29). 
and ' Again, because AB is parallel to CE, and BD falls upon 

z ECD =3 them, the exterior angle ECD is equal to the interior and 
z ABC. oi>posite angle ABC (I. 29). 

But the angle ACE was shown to be equal to the angle 
BAC; 
- ^ R ^r Therefore the whole exterior angle ACD is equal to the 
+ L ABC. two interior and ©i^posite angles BAC, ABC (Ax. 2). 
•Add To each of these equals add the angle ACB. 

Therefore the ans;les ACD, ACB are equal to the three 
angles CBA, BAC, ACB (Ax. 2). 

But the angles ACD, ACB are equal to two right angles 
(T. 13); 

Therefore also the angles CBA, BAC, ACB are equal to 
two right angles (Ax. 1). 

Therefore, if a side of any triangle, <fec. Q, E, D, 

Corollary 1. — All the interior angles of any rcctilhual 
Jlgure, togetJier with four right angles, are equal to twice as 
many right angles as the figure lias sides. 

For any rectilineal figure ABCDE can, by drawing 
straight lines from a point F within the figiu^e to each angle, 
T) be divided into as many triangles as the 

lv^''^\\ figure has sides. 

And, by the preceding proposition, the 
angles of each triangle are equal to two 
right angles. 

Therefore all the andes of the triangles 

^ B are equal to twice as many right angles 

8 there are triangles; that is, as there are sides of the 
figure. 

But the same angles are equal to the angles of the figure, 
together with the angles at the point F ; 

And the angles at the point F, which is the common 
vertex of all the triangles, are equal to four right angles (I. 
15, Cor. 2) ; 

Therefore all the angles of the figure, together with four 
light angles, are equal to twice as many right angles as the 
figure has sides. 
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Corollary 2. — All the exterior angles of any rectilineal 
figure are together equal to four right angles. 

The interior angle ABC, with its adjacent exterior angle 
ABD, is equal to two right angles (I. 1 3) ; 

Therefore all the interior, together with all the exterior 
angles of the figure, are equal to twice as many right angles 
as the figure has sides. 

But all the interior angles, together 
with four right angles, are equal to 
twice as many right angles as the 
figure has sides (I. 32, Cor. 1) ; 

Therefore all the interior angles, 
together with all the exterior angles, . 
are equal to all the interior angles 
and four right angles (Ax. 1). 

Take away the interior angles which are common ; 

Therefore all the exterior angles ai-e equal to four right 
angles (Ax. 3). 

Proposition S3.— -Theorem. 

Tlve straight lines which join tJie extremities of two equal 
and 2>arallel straight lines touxzrds the same parts are also 
themselves equal a/nd parallel. 

Let AB and CD be equal and parallel straight lines joined 
towards the same parts by the straight lines AC and BD j 

AC and BD shall be equal and paralleL 

Construction. — Join BCL 

Proof. — Because AB is parallel to CD, and BC meets ^ ^^'• 
them, the alternate angles ABC, BCD are equal (I. 29). 

Because AB is equal to CD, and BC common to the two 
triangles ABC, DCB, the two sides A_ 
AB, BC are equal to the two sides 
DC, CB, each to each ; 

And the angle ABC was proved 
to be equal to the angle BCD ; 

Therefore the base AC is equal to the base BD (I. 4), ^-j^^^ " 

And the triangle ABC is equal to the triangle BCD (I. 4), 

And the other angles are equal to the other angles, each to 
each, to which the equal sides are opposite ; 
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•»* _^ Therefore tlie angle ACB is equal to the angle CBD. 
^ CBD. And because the straight line BO meets the two straight 
lines AC, BD, and makes the alternate angles ACB^ CBD 
equal to one another ; 

Therefore AC is parallel to BD (I. 27) ; and it was shown, 
to be equal to it. 

Therefore, the straight lines, <kc. ■ Q, U, D, 

Proposition 34.— Theorem. 

The opposite sides and angles of a parallelogram are equal 
to one another, and tJie diagonal bisects the paraUelogram — tluU 
is, divides it into two equal parts. 

Let ACDB be a parallelogram, of which BC is a diagonal ; 
The opposite sides and angles of the figure shall be equal 
to one another, 

And the diagonal BC shall bisect it. 
Proof. — Because AB is parallel to CD, and BC meets 
^ ABC =s - them, the alternate angles ABC, BCD 

' -^ B are equal to one another (I. 29) ; 

\ ^^^^^y. Because AC is parallel to BD, and 
^^^ \ ^y^^ \ BC meets them, the alternate angles 
^ ACB =3 \^^ \ ACB, CBD are equal to one another 

Therefore the two triangles ABC, BCD have two angles, 
ABC, BCA in the one, equal to two angles, BCD, CBD iii 
the other, each to each ; and the side BC, adjacent to the 
equal angles in each, is common to both triangles. 

Therefore the other sides are equal, each to each, and the 

third angle of the one to the third angle of the other — 

/. AB =3 namely, AB equal to CD, AC to BD, and the angle BAG to 

bS; ^bac the angle CDB (I. 26). 

= z CDB, ^jjjj because the angle ABC is equal to the angle BCD, 

and the angle CBD to the angle ACB, 
and Therefore the whole angle ABD is equal to the whole 

i/ACD. angleACD(Ax.2). 

And the angle BAC has been shown to be equal to the 
angle BDC; therefore the opposite sides and angles of a 
parallelogram are equal to one another, 
^so tVift fiinoronal bis^ctj^ it, 
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For AB being equal to CD, and BC common, 

The two sides AB, BC are equal to the two sides CD and 
CB, each to each. 

And the angle ABC has been shown to be equal to the 
angle BCD : 

Therefore the triangle ABC is equal to the triangle BCD JJ^bc - 
(I. 4), A BCD." 

And the diagonal BC divides the parallelogi'am ABCD 
into two equal parts. 

Therefore, the opposite sides, <kc. Q, E. D, 

Proposition 35.— Theorem. 

ParaMelograms upon t7ie same hasty arid between tlie same 
parallels, are equal to one another. 

Let the parallelograms ABCD, EBCF be on the same base 
BC, and between the same parallels AF, BC; 

The parallelogram ABCD shall be equal to the parallelo- 
gi-am EBCF. 

Case 1.— If the sides AD, DF of the ^ 
parallelograms ABCD, DBCF, opposite 
to the base BC, be terminated in the 
same point D, it is plain that each of the 
parallelograms is double of the triangle 
DBC (I. 34), and that they are therefore equal to one 
another (Ax. G). 

Case 2. — But if the sides AD, EF, opposite to the base 
BC, of the parallelograms ABCD, EBCF, be not terminated 
in the same point, then — ^ l^ F A E p 

Proof. — Because 
ABCD is a parallelo- 
gram, AD is equal to 
BC(I. 34). . B if J» A^ = BC. 

For the same reason EF is equal to BC; ef = bc. 

Therefore AD is equal to EF (Ax. 1), and DE is common; 

Therefore the whole, or the remainder, AE, is equal to the 
whole, or the remainder, DF (Ax. 2, or 3), .'.AEs^DF. 

And AB is equal to DC (L 34). 

Therefore the two EA, AB are equal to the two FD, DO, 
each to each; 
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And the exterior angle EDO is equal to the interior EAB 
(1.29); 

Therefore the base EB is equal to the base FC (I. 4), 
a^'eab =3 And the triangle EAB equal to the triangle FDC (I. 4). 
^ I'^c. Take the triangle FDC from the trapezium ABCF, and 

from the same trapezium ABCF, take the tiiangle EAB, and 
the remainders are equal (Ax. 3) 

That is, the parallelogram ABCD is equal to the parallelo- 
gram EBCF. 

Therefore, parallelograms", &c. Q. B. D. 

Proposition 36.— Theorem. 

Parallelograms upon equal hoses, and between tlie satne 
parallels, are equal to one another. 

Let ABCD, EFGH be parallelograms on equal bases BC, 
FG, and between the same parallels AH, BG; 

The parallelogram ABCD shall be equal to the parallelo- 
gram EFGH. 

Construction. — Join BE, CH. 
Proof. — Because BC is equal 
to FG (Hyp.), and FG to EH 
(I. 34), 

BC a EH, 1^ l^ \ \ Therefore BC is equal to EH 

^ OF Q (Ax. 1) ; and they are parallels, 

and joined towards the same parts by the straight lines 
BE, CH. 

But straight lines which join the extremities of equal and 
parallel straight lines towards the same parts, are themselves- 
equal and parallel (I. 33) ; 
B"E = cn. Therefore BE, CH are both equal and parallel; 
EBCH a Therefore EBCH is a parallelogram (Def. 35), 

paraiieio- And it is equal to the parallelogram ABCD, because they 
equS'each ^'^'G on the Same base BC, and between the same parallels BC, 

gvenones. Tor the like reason, the parallelogram EFGH is equal to 
the same parallelogram EBCH; 

Therefore the parallelogram ABCD is equal to the parallelo- 
gram EFGH (Ax. 1). 

Therefore; parallelograms, &c. Q, E, D. 
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FropoBition 37. — ^Theorem, 

Triangles iipmi the same base, and between the same parallels, 
are equal to one another. 

Let tlie triangles ABC, BBC be on the same base BC, and 
between the same parallels AD, BO ; 

The triangle ABO shall be equal to the triangle DBO. 

Construction. — Produce AD both ways, to the points E, F. 

Through B draw BE parallel to CA, and through di-aw 
OF parallel to BD (I. 31). 

Proof. — Then each of the e a d ;g pipwrcs 

figures EBCA, DBCF, is a paral- 
lelogram (Def. 35), and they aro \ / /\ \ / ©auai; 
equal to one another, because the} 
are on the same base BC, and 
between the same parallels BC,EF 
(I. 35.); 

And the triangle ABC is half of the parallelogram EBCA, an«l t^o 
because the diagonal AB bisects it (I. 34) ; are^res^o- 

And the triangle DBO is half of the parallelogram DBCF, ^^^^^f' 
because the diagonal DO bisects it (I. 34). 

But the halves of equal things are equal (Ax. 7) ; 

Therefore the triangle ABC is equal to the triangle DBO. 

Therefore, triangles, (fee. Q. E, D, 

Proposition 38.— Theorem. 

Triangles upon eqtcal bases, and between tlte same parallels, 
are equal to one another. 

Let tho triangles ABC, DEF, bo on equal bases BC, EF, 
and between the same parallels BF, AD. 

The triangle ABC shall be equal to the triangle DEF. 

Construction. — Produce AD both ways to the points 
G, H. 

Tlirough B draw BG par- 
allel to CA, and through F 
draw FH parallel to ED 

(-*■• *^^/* \ / \ I \ I Flgriirea 

Proof. — Then each of the V_ \ I V S^^'^ ^^^ 

figures GBCA, DEFH, is a ^ ^ ^ *' e^Zi\ "'' 
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parallelogram (Del, 35), and they are equal to one another, be- 
cause they are on equal bases BC, EF, and between the 
same parallels BF, GH (I. 36); 
and the And the triangle ABO is half . of the parallelogram 

ire hflf of ^^CJA, because the diagonal AB bisects it (I. 34) ; 
these re- And the triangle DEF is half of the parallelogi'am 
si,ectiYeiy. DEFH, because the diagonal DF bisects it (I. 34). 
But the halves of equal things are equal (Ax. 7); 
Therefore the triangle ABO is equal to the triangle DEF, 
Therefore, triangles, &c. Q, E, D, 

Proposition 39.— Theorem. 

Equal triangles upon tlte same base, and on tlie same side 
ofity are between the same parallels. 

Let the equal triangles ABC, DBO be upon the same base 
330, and on the same side of it ; 

They shall be between the same parallels. 
Construction. — Join AD ; AD shall be parallel to BC. 
to^BO^u^^ A^ r> For if it is not, through A draw AE 

pose. l^\^ ktA parallel to BC (I. 31), and join EC. 

Proof. — The triangle ABC is equal to 
the triangle EBO, because they are upon 
the same base BC, and between the same 

B c parallels BC, AE (I. 37). 

But the triangle ABC is equal to the triangle DBO (Hyp.) ; 
a'dbc = Therefore the triangle DBO is equal to the triangle EBO 
absunSty" (Ax. 1), the greater equal to the less, which is impossible ; 
Therefore AE is not parallel to BO. 

In the same manner, it can be demonstrated that no line 
passing through A can be parallel to BC, except AD j 
Therefore AD is parallel to BC. 
Therefore; equal triangles, &c. Q, E, 2>. 

Proposition 40. — Theorem. 

Equal triangles upon the same side of equal bases, that 
are in the same straight line, are between the same parallels. 

Let the equal triangles ABO, DEF, be upon the same side 
of equal bases "BGf EF, in the same straight line BF, 




Then 
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Tlio triangles ABC^ DEF sliall be between the same 
parallels. 

CoNSTEUCTiON. — Joui AD ; AD sliall be parallel to BF. 

For if it is not, through A draw AG paraUel to BF (I. 31), titThv 
and join GF. suppose. 

Proof. — ^The triangle ABO is equal to the triangle GEF, 
because they are upon equal bases BC, EF, and are between 
the same parallels BF, AG 
(I. 38). 

But the triangle ABC is 
equal to the triangle DEF ; 

Therefore the triangle DEF 
is equal to the triangle GEF 
(Ax. 1), the greater equal to 
the less, which is impossible ; 

Therefore AG is not parallel to BF. 

In the same manner, it can be demonstrated that no line, 
passing through A, can be parallel to BF, except AD ; 

Therefore AD is parallel to BF. 

Therefore, equal triangles, <fcc. 

PropoBition 41.— TheoresL 

If a parallelogram amd a trumgh he upon the same hose, 
and between, the same paraUds, the pa/raUdogra/m ahaU he 
douhle of the triangle. 

Let the parallelogram ABCD, and the triangle EBC be 
upon the same base BC, and between the same parallels 
BC, AE; 

The parallelogram ABCD shall be double ^ d b 

of the triangle EBC. 

Construction. — Join AC. 

Proof. — The triangle ABC is equal to 
the tiiangle EBC, because they are upon 
the same base BC, and between the same 
parallels BC, AE (I. 37). 

But the parallelogram ABCD is double of the triangle ^d pano- 
ABC, because the di^nal AC bisecta the parallelogram (I. i a^Jj: 
34), 




A ABOs 
A EBC. 
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Therefore the parallelogram ABCD is also double of the 
triangle EBC (Ax. 1). 

Therefore, if a parallelogram, &c. Q. H, D, 



Proposition 42.— Problem. 

To describe a pa/rdUdogram that shall he equal to a given 
triangle, and Imve one of its angles equal to a given rectilineal 
angle. 

Let ABC bo the given triangle, and D the given recti- 
lineal angle ; 

It is required to describe a parallelogram that shall bo 
equal to the given triangle ABC, and have one of its -angles 
equal to D. 

Make BE xv c CONSTRUCTION. — Bisect BC in E (I. 

= EC A -1 7 10), and join AE. 

.... At the point E, in the straight line 

?CKF=D / /\ / /D CE, make the angle CEF equal to D 

(I. 23). 

Through A draw AFG parallel to 
EC (I. 31). 
Through C draw CG parallel to EF (I. 31). 
T/ien FECG is the pa/rallelogram required. 
Proof. — Because BE is equal to EC (Const.), the triangle 
ABE is equal to the triangle AEC, since they are upon equal 
bases and between the same parallels (I. 38) ; 
2^Ai^ Therefore the triangle AJBC is double of the triangle 

and also * AEC. 

5^0 - But the parallelogram FECG is also double of the trianglo 
a^A ABO. AEC, because they are upon the same base, and between the 
same parallels (I. 41) ; 

Therefore the parallelogram FECG is equal to the trianglo 
ABC (Ax. 6), 

And it has one of its angles CEF equal to the given angle 
D (Const). 

Therefore a paralleloCTam FECG has been described equal 
to the given triangle AbC, and having one of its angles CEF 
equal i^ the given angle D. Q, E, F, 
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Proposition 43.— Theorem* 

TJie complements of the parallelograms which are about tlus 
diagonal of any parallelogram a/re equal to one another. 

Let ABCD be a parallelogram, of which tho diagonal is 
AC ; and EH, GF parallelograms about AC, that is, through 
Avhich AG passes ; and BK, KD the other parallelograms, 
vrhich make up ^e whole figure ABCD, and are therefore 
called the complements. 

The complement BK ehall be equal to tho complement 
KD. 

Proof. — ^Because ABCD is a parallelogram, and AC its 
diagonal, the triangle ABC is equal to tiie triangle ADC ^ adc " 
(I. 34). 

Again, because AEKH is a paral- '^"""7 ^ 

lelogram, and AK its diagonal, the j. / x/ k / xiso 

triangle AEK is equal to the triangle I Tx /' a aek : 

AHK(I. 34). ^ / / \ / ^""^^ 

For the like reason the triangle i / n. / ^^^ 
KGC is equal to the triangle KFC. L—i n/ a kgc : 

Therefore, because the triangle ^ ^ ^ ^ ^*'^- 

AEK is equal to the triangle AHK, and the triangle KGC 
to KFC, 

The triangles AEK, KGC are equal to the triangles 
AHK, KFC (Ax. 2). 

But the whole triangle ABC was proved equal to the 
whole triangle ADC ; 

Therefore the remaining complement BK is equal to the .'. bk = 
remaining complement KD (Ax. 3). *^' * 

Therefore, the complements, &c. Q, E, D. 



Proposition 44.— Problem. 

To a given straight line to apply a paraUdogram^ which 
sliall he equal to a given triangle, and have one of its angles 
equal to a given rectilineal angle. 

Let AB be the given straight line, the given triangle, 
and D the given angle. 
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It is required to apply to tlie straight line AB a parallelo- 

gram equal to the triangle C, and having an angle equal 

toD. 

JLraUeio- Construction 1. — Make the parallelogram BEFG equal 

Kram to the triangle C, and having the angle EBG equal to the 

Tc% angle D (I. 42) ; 

^ D ai^ '^^ ^®* *^® parallelogram BEFG be made so that BE may 
EBAa be in the same straight line with AB. 
JSJJ'^'*** Produce EG to H. 

Through A draw AH parallel to BG or EF (I. 31). 
Join HB. 

Proof 1. — Because the straight line HF falls on the 
parallels AH, EF, the angles AHF, HFE are together equal 
to two right angles (I. 29). 

Therefore the angles BHF, HFE are together less than 
two right angles (Ax. 9). But straight lines which with 
another straight line make the interior angles on the same 
side together less than two right angles, will meet on that 
side, if produced far enough (Ax. 12) ; 
^t^^ Therefore HB and FE shall meet if produced. 

Construction 2. — ^Produce HB and FE towards BE, 
and let them meet laK* 




Through K draw KL parallel to EA or FH (I. 81)« 
Produce HA, GB to the points L, M. 
Then LB shall be tlie pa/raUehgram required. 
Proof 2. — Because HLKF is a parallelogram, of which 
the diagonal is HK ; and AG, ME are the parallelograms 
about HK ; and LB, BF are the complements ; 
YSFvxeM Therefore the complement LB is equal to the complement' 
Lr= BF. BF (L 43). 
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But BF is equal to the triangle (Const.) ; But^ 

Therefore LB is equal to the triangle C (Ax. 1). .\i^^ 

And because the angle GBE is equal to the angle ABM ^^'» 

(I. 15), and likewise to the angle D (Const.) ; 

Therefore the angle ABM is equal to the angle D (Ax. 1). -^"Jg.. _ 
Therefore, the parallelogram LB is applied to the straight z gbe a 

line AB, and is equal to the triangle C, and has the angle ^ ^' 

ABM equal to the angle D. Q. E. F. 

Proposition 45.— Problem. 

To describe a parallelogram equal to a given rectilineal 
figure^ and having an angle equal to a given rectilineal angle. 

Let ABCD be the given rectilineal figure, and E tho 
£;iven rectilineal angle. 

It is required to describe a parallelogram equal to ABCD, 
and having an angle equal to K 

Construction. — Join 
DB. A 5 y ft r i 

Describe the parallelo- 
gram FH equal to the \ \ k / / / ^a adS 




triangle ADB, and \ / \^ / / / ^fjP'^M^ 
having the angle FKH \ / \ / / / a dbc,^ 
equal to the angle E \J \ z'ghm^ 

(1.42). \ \ fe i—i zE. 

To the straight line 
GH apply the parallelogram GM equal to the triangle DBC, 
xind having the angle GHM equal to the angle E (I. 44). 

Tlien the figure FKML shall he the parallelogram required. 

Proof. — Because the angle E is equal to each of the angles 
FKH, GHM (Const), 

Therefore the angle FKH is equal to the angle GHM 
(Ax. 1). 

Add to each of these equals the angle KHG; 

Therefore the angles FKH, KHG ai-e equal to the angles 
KHG, GHM (Ax. 2). 

But FKH, KHG are equal to two right angles (I. 29); 
. Therefore also KHG. GHM are equal to two right angles 
(Ax.1). 

D 



Then 



straight 
line. 
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And because at tlie point H, in the straight lino GH, tlio 
two straight lines KH, HM, on the opposite sides of it, mako 
the adjacent angles together equal to two right angles, 
KHM u a Therefore KH is in the same straight line with HM (1. 14). 
j^^^^^ And because the straight line HG meets the parallels 

KM, FG, the alternate angles MHG, HGF are equal (I. 29). 
Add to each of these equals the angle HGL; 
Therefore the angles MHG, HGL are equal to the angles 
HGF, HGL (Ax. 2). 

But the angles MHG, HGL are equal to two right angles 
(I. 29); 

Therefore also the angles HGF, HGL are equal to two 
and nght angles, 

FGL i3 a And therefore FG is in the same straight lino with GL 
(I. U). 

And because KF is parallel to HG, and HG parallel to 
ML (Const); 

Therefore KF is parallel to ML (I. 30). 
And KM, FL are parallels (Const) ; 
/. KFLMa Therefore KFLM is a parallelogram (Def. 35). 
pw^ieio- ^j^jj because the triangle ABD is equal to the parallelo- 
gi*am HF, and the triangle DBC equal to the parallelogram 
GM (Const.), 
And the Therefore the whole rectilineal figure ABCD is equal to 
5^^^ j3 the whole parallelogi^m KFLM (Ax. 2). 
equal to it. Therefore, the parallelogram KFLM has been described 
equal to the given rectilineal figure ABCD, and having tho 
angle FKM equal to the given angle E. Q. K F, 

Corollary. — From this it is manifest how to apply to a 
given straight line a parallelogram, which shall have an angle 
equal to a given rectilineal angle, and shall be equal to a given 
rectilineal figure — namely, by applying to the given straight 
line a parallelogram equal to the first triangle ABD, and 
having an angle equal to the given angle ; and so on (L 44). 

Proposition 46. — Problem. 

To describe a square upon a given straight line. 

Let AB be the given straight line; 

Jt is required to describe a square upon AB, 
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Construction. — From the point A draw AC at right 
angles to AB a 11), 

And make AD equal to AB (I. 3). 

Through the point D draw DE parallel 
to AB (I. 31). 

Through the point B draw BE parallel 
to AD (I. 31). 

TJiefii ADEB shall he the squa/re re- 
quired. 

Proof. — Because DE is parallel to 

AB, and BE pai-allel to AD (Const.), A 13 ^?ei. 

therefore ADEB is a parallelogram; K™™- 

Therefore AB is equal to DE, and AD to BE (I. 34). 

But AB is equal to AD (Const.); 

Therefore the four straight lines BA, AD, DE, EB are 
equal to one another (Ax. 1), 

And the parallelogram ADEB is therefore equilateral utenv?'^' 

Likevidse all its angles are right angles. 

For since the straight line AD meets the parallels AB, 
DE, the angles BAD, ADE are together equal to two right 
angles (I. 29). 

But BAD is a right angle (Const.) ; 

Therefore also ADE is a right angle (Ax. 3). 

But the opposite angles of parallelograms are equal (I. 34) ; 

Therefore each of the opposite angles ABE, BED is a right 
angle (Ax. 1) ; 

Therefore the figure ADEB is rectangular ; and it has JV Jvj^ 
been proved to be equilateral; therefore it is a square ^^^^' 
(Def. 30). 

Therefore, the figure ADEB is a square, and it is described .'.» square, 
upon the given straight line AB. Q. E, F, 

Corollary. — Hence every parallelogram that has one 
right angle has all its angles right angles. 



Proposition 47.— TheoFem. 

In any right-angled triangle, tJie squa/re which is described 
upon the side opposite to the right angle is equal to the squares 
described upon the sides which contain the right angle. 
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C O Is a 

straight 
line. 
])AH is a 

fitraijfbt 
lino. 



A ABD: 
AFBC. 




ncnc« 
parallelo- 
^nm BL 
= square 
GB, and 
parallelo- 
gram CL 
=- square 
HC. 



"Let ABC be a right-angled triangle, having the right 
angle BAG ; 

The square described upon the 
side BC shall be equal to the 
squares described upon BA, AC. 

Construction. — On BC de- 
scribe the square BDEC (I. 46). 

On BA, AC describe the squares 
GB, HC (I. 46). 

Tlirough A draw AL pai'allel 
to BD or CE (I. 31). 
Join AD, FC. 

Proof. — Because the angle BAG 
is a right angle (Hyp.), and that the angle BAG is also a 
light angle (Def. 30), 

The two straight lines AC, AG, upon opposite sides of 
AB, make with it at the point A the adjacent angles equal 
to two right angles ; 

Therefore CA is in the same straight line with AG (I. 14). 
For the same reason, AB and AH are in the same straight 
lino.' 

Now the angle DBC is equal to the angle FBA, for each 
of them is a right angle (Ax. 11); add to each the angle ABC. 
Therefore the whole angle DBA is equal to the whole angle 
FBC (Ax. 2). 

And because the two sides AB, BD are equal to the two 
sides FB, BC, each to each (Def. 30), and the angle DBA 
equal to the angle FBC ; 

Therefore the base AD is equal to the base FC, and the 
triangle ABD to the triangle FBC (I. 4). 

Now the parallelogram BL is double of the triangle ABD, 
because they are on the same base BD, and between the 
same parallels BD, AL (I. 41). 

And the square GB is double of the triangle FBC, because 
they are on the same base FB, and between ^e same parallels 
FB, GC (I 41). 

But the doubles of equals are equal (Ax. 6), therefore the 
parallelogram BL is equal to the square GB. 

In the same manner, by joining AE, BK, it can be shown 
that the parallelogram CL is equal to the square HCt 
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Thcreforo tho whole square BDEC is dqUal to tlie two 
squares GB, HC (Ax. 2) ; 

And the square BDEC is described on the straight line ^A^+ACi 
BC, and the squares GB, HC upon BA, AC. 

Therefore the square described upon the side BG is equal 
to the squares described upon the sides BA, AC. 

Therefore, in any right-angled triangle, <kc. Q, E. D, 



Proposition 48. — Theorem. 

If the square described upon one of ilie sides of a triangle 
he equal to tlie squares described upon the oilier two sides of 
it, the angle contained by tJiese two sides is a right angle. 

Let the square described upon BC, one of the sides of the 
triangle ABC, be equal to the squares described uj)on the 
other sides BA, AC; 

The angle BAC shall be a right angle. Draw 

Construction. — ^From the point A draw AD at right right 
angles to AC (I. 11). xS]^^ 

Make AD equal to BA (I. 3), and join DC. (Do not 

Proof. — Because DA is equal to AB, the square on DA ^j^j^ 
is equal to the square on BA. 

To each of these add the square on AC. 

Therefore the squares on DA, AC are 
equal to the squares on BA, AC (Ax. 2). 

But because the angle DAC is a right 
angle (Const.), the square on DC is equal to 
the squares on DA, AC (I. 47), 

And the square on BO is equal to the 
squares on BA, AC (Hyp.) ; ^ ^^^^ 

Therefore the square on DC is equal to the square on BC Dca = 
(Ax. 1) ; ^j^^ * 

And therefore the side DC is equal to the side BC. i>C) = Ba 

And because the side DA is equal to AB (Const), and AC 
common to the two triangles DAC, BAC, the two sides 
DA, AC are equal to the two sides BA, AC, each to 
each. 

And the base DO has been proved equal to the base BC ; 
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°DA€ a Therefore the angle DAC is equal to BAG (I. 8). 
^BAG. But DAC is a light angle (Const.) ; 

Therefore also BAC is a right angle (Ax. 1). 

Therefore, if the square, &c. Q. E. D. 



EXERCISES ON BOOK I 

Prop. 1—15. 

1. From the greater of two given straight lines to cnt off a portion 
which is three times as long as the less. 

2. The line hisecting the vertical angle of an isosceles triangle also 
bisects the base. 

3. Prove Euc. I. 5, by the method of super-positton, 

4. In the figure to Euc. I. 5, show that the line joining A with 
the point of intersection of BG and FC, makes equal angles with 
AB and AC. 

5. ABC is an isosceles triangle, whose base is BC, and AB is 
perpendicular to BC; every point in AD is equally distant from B 

and C. 

6. Show that the sum of the sum and difference of two given 
straight lines is twice the mater^ and that the difference of the sum 
and difference is twice the less. 

7. Prove the same property with regard to angles. 

8. Make an angle which shall be three-fourths of a iight angle. 

9. If, with the extremities of a given line as centres, circles be 
drawn intersecting in two points, the line joining the points of in- 
tersection will be perpendicular to the given Ime, and will also 
bisect it. 

10. Find a point which is at a given distance from a given point 
and. from a given line. 

11. Show that the sum of the angles round a given point are 
together equal to four right angles. 

12. If the exterior angle of a triangle and its adjacent interior 
angle be bisected, the bisecting lines wm be at right angles. 

13. If three points, A, B, C, be taken not in the same straight line, 
and AB and AC be joined and bisected by perpendiculars whieh meet 
in D, show that PA, PB, PC are equal to each other. 

Peop. 16—32. 

^ 14. The x>erpendicnlar8 from the angular points upon the opposite 
sides of a triangle meet in a point. 

15. To construct au isosceles triangle on a given base, the sides 
being eadi of them double the given base. 
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16. Describe an isosceles triangle having a given base, and wbose 
vertical angle is half a right angle. 

17. AB is a straight line, C and D are points on the same side of 
it ; find a point E in AB such that the smn of C£ and ED shall be a 
minimum. 

18. Having given two sides of a triangle and an angle, construct 
the triangle. Examine the cases when there will be (1.) one solution; 
(2.) two solutions ; (3.) none. 

19. Given an angle of a triangle and the sum and difference of the 
two sides including the angle, to construct the triangle. 

20. Show that each of the angles of an equilateral triangle is two- 
thirds of a right angle, and hence show how to trisect a right angle. 

21. If two angles of a triangle be bisected by lines drawn from the 
angular points to a given point within, then the line bisecting the 
third angle will pass through the same point. 

22. The difference of any two sides of a triangle is less than the 
third side. 

23. If the angles at the base of a right-angled isosceles triangle be 
bisected, the bisecting line includes an angle which is three halves 
of a ri^t angle. 

24. The sum of the lines drawn from any point within a polygon 
to the angular points is greater than half the sum of the sides of the 
polygon, 

Pbop. 33—48. 

25. Show that the diagonals of a square bisect each other at right 
angles, and that the square described upon a semi-diagonal is half 
the given square. 

26. Divide a given lino into any number of ec^ual parts, and hence 
show how to divide a line similarly to a given line. 

27. If D and E be respectively the middle points of the sides BC 
and AC of the triangle ABG, and AD and BE be joined, and intersect 
in G, show that GD and GE are respectively one-third of AD and BE. 

28. The lines drawn to the bisections of the sides of a triangle 
from the opposite angles meet in a point. 

29. Describe a square which is live times a given square. 

30. Show that a square, hexagon, and dodecagon will fill up the 
space round a point. 

31. Divide a square into three equal areas, by lines drawn parallel 
to one of the diagonals. 

32. Upon a given straight line construct a regular octagon. 

33. Divide a given triangle into equal triangles by lines drawn from 
one of the angles. 

34. If any two angles of a quadrilateral are together e^ual to two 
right angles, show that the sum of the other two is two right angles. 

35. The area of a trapezium having two parallel sides is equal to 
half the rectangle contained by the perpendicular distance between 
the parallel sides of the trapezium, and the sum of the parallel sides. 
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36. Thd area of any trapezium is half the rectangle contained by 
one of the diagonals of the trapezium, and the sum of the perpendicu- 
lars let fall upon it from the opposite angles. 

37. If the middle points of the sides of a triangle be joined, 4be 
lines form a triangle whose area is one-fourth that of the given 
triangle. 

38. If the sides of a triangle be such that they are respectively the 
sum of two given lines, the difference of the same two lines, and 
twice the side of a square equal to the rectangle contained by theso 
lines, the triangle shall be right-angled, having the right angle 
opposite to the lirst-named side. 

39. If a point be taken within a triangle such that the lengths of 
the perpendiculars upon the sides are equal, show that the area of the 
rectangle contained by one of the perpendiculars and the perimeter of 
the triangle is double the area of ttie triangle. 

40. In the last problem, if be the given point, and OD, OE, OF 
the respective perpendiculars upon the sides BO, AC, and AB, 
show that the sum of the squares upon AD, OB, and DC exceeds the 
sum of the squares upon AF, BD, and CD by three times the square 
upon cither of the perpendiculars. 

41. Having given tne lengths of the segments AF, BD, C£, in 
Problem 40, construct the triangle. 

42. Draw a line, the square upon which shall be seven times the 
square upon a ^ven line. 

43. Draw a Ime, the square upon which shall be equal to the sum 
or difference of two given squares. 

44. Keduce a given polygon to an equivalent triangle. 

45. Divide a triangle into equal areas by drawing a line from a 
given point in a side. 

46. Do the same with a given parallelogram. 

47. If in the fig., Enc. I. 47, the square on the hypothenuse be on 
ihe other side, show how the other two squares may be made to cover 
exactly the square on the hypothenuse. 

48. The area of a quadrilateral whose diagonals are at right angles 
ia half the rectsngLe contained by the diagonals. 

49. Bisect a given triangle by a straight line drawn from one of its 
angles. 

50. Do the same with a given rectilineal figure ABCDEF. 

51. If from the angle A of a triangle -^C a perpendicular be 
drawn meeting the base or base produced in D, show that the differ- 
ence of the squares of AB and AC is equal to the difference of the 
squares of BD and DC. 

52. If a straight line join the points of bisection of two sides of a 
triangle, the base is double the length of this line. 

53. AJBCD is a parallelogram, and £ a point within it, and lines 
are drawn through £ parallel to the sides of the parallelogram, show 
that E must lie on the diagonal AC when the figures BC and D£ 
are equal. 

51. If AD, BE, CF, arc the perpendiculars from the angular points 
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of the triangle ABO npon the opposite sides, show that the sum of the 
squares upon AE, CD, BF, is equal to the sum of the squares upon 
CE, BD, AF. 

55. The diagonals of a parallelogram bisect one another. 

56. Write out at full length a definition of parallelism, and then 
prove that the alternate an^es are equal when a straight line meets 
two parallel straight lines. 

57. ABODE are the angular points of a regular pentagon, taken in 
order. Join AO and BD meetmg in H, and show that AEDH is an 
equilateral parallelogram. 

58. Having given the middle points of the sides of a triangle, show 
how to construct the triangle. 

59. Show that the diagonal of a parallelogram diminishes while 
the angle from which it is drawn increases. . What is the limit to 
which the diagonal approaches as the angle approaches respectively 
zero and two right angles ? 

60. A, B, Cf are three angles taken in order of a regular hexagon, 
show that the square on AO is three times the square upon a sioo of 
the hexagon. 
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EUCLID'S ELEMENTS, BOOK IL 

The student, as he works tlirough this book of Euclid's 
Elements, will not fail to perceive how easily many geomet- 
rical truths may be proved, and how concisely they may be 
expressed by means of Algebra. We have not space here 
to at all discuss the relation between Geometry and Algebra, 
but we will express a few of the prox)ositions of this book in 
Algebraical symbols. 

I a (J + c + (i) = a6 + ac + (jrf. 

II (a + 6) a + (a + 6) 6 = (a + h)\ 

III (a '\-h)a = a^ ■{■ ah. 

IV (a + 6)« =o« + 6« +2a6. 

V (a + a;) (a - a;) + a;' = o«. 

VI {2a + x)x + a* = (a +«)». 

VIT {a + 6)« + 6« = 2 (a + 6) 6 + a«. 

VIII 4 {a-vh)a +6« = (2 a +6)*. 
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Definitions. 
L A rectangle^ or right-angled parallelogram, is said to 

be contained by any two of the straight lines which contain 
one of the right angles. 

2. In any parallelogram, the figure which is composed cf 
either of the parallelograms about a diameter, together with 
the two complements, is called a gnomon. 

Thus the parallelogram HG, to- 
gether with the complements AF, 
FC) is a gnomon, which is briefly ex* 
pressed by the letters AGK, or EHC, 
which are at the opposite angles of 
the parallelograms which make the 
gnomon* 

The rectangle under, or contained by two lines, as A£ and BC^ Is 
concisely expressed thus ; — AB, BC> 




PROPOSITIONS. 



59 



Proposition 1.— Theorem. 

TfiheTB he two straight lines, one of which is divided into 
any number of parts, the rectangle contained hy the two 
straight lines is eqiuzl to the rectangles contained by the unr 
divided line, amd the several parts of the divided line. 

Let A and £C be two straight lines; and let BC be 
divided into anj parts in the points B, E ; 

lUie rectangle contained by the straight lines A and BO A*BCa 
shall be -equal to the rectangle contained by A and BD, a-bd + 
together with that contained by A and DE, and that con- ^•^^ + 
tained by A and EC. ^'^^• 

Construction. — ^Erom the point B draw BE at right angles 
to BC (L 11), 

And make BG equal to A (I. 3). 

Through G draw GH pai^el to 
BC (I. 31), 

And through the points DjEjCjdi-aw 
DK, EL, CH parallel to BG (L 31). 

Proof. — ^Then the rectangle BH is 
equal to the rectangles BK, DL, EH. 

But BH is contained by A and BC, for it is contained ^^ 
by GB and BC, and GB is equal to A (Const) ; 

And BK is contained by A and BD, for it is contained 
by GB and BD, and GB is equal to A ; 

And DL is contained by A and DE, because DK is equal 
to BG, which is equal to A (I. 34) ; 

And in like manner EH is contained by A and EC ; 

Therefore the rectangle contained by A and BC is equal 
to the several rectangles contained by A and BD, by A and 
DE, and by A and EC. 

Therefore, if there be two straight lines, &c. Q, E, D, 

Proposition {{.-^Theorem. 

If a straight line be divided into any two partSy the reci^ 
angles contained by the whole line and each of its parts are 
together equal to the square on the whole line. 

Let the straight line AB be divided into any two parts 
in the point C ; 




Since 
BHsBK 
H-DL + 
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ABBC 

-i-AB-AC 

s=ABS. 



For 

AB3 ia the 
sum of its 
parts AF+ 
CE. 



A C 1 



And/.= 

AB-AC+ 

ABBC. 



The rectangle contained by AB and BC, together with the 
rectangle contained by AB and AC, shall 
be equal to the square on AB. 

Construction. — Upon AB describe the 
square ADEB (I. 46). 

Through, C draw CF parallel to AD or 
BE (I. 31). 

Proof. — Then AE is equal to the rect- 
angles AF and CE. 

But AE is the square on AB ; 

Therefore the square on AB is equal to the rectangles AF 
and CE. 

And AF is the rectangle contained by BA and AC, for it 
is contained by DA and AC, of which DA is equal to BA; 

And' CE is contained by AB and BC, for BE is equal 
to AB. 

Therefore the rectangle AB, AC, together with the rect- 
angle AB, BC, is equal to the square on AB. 

Therefore, if a straight line, <fcc. Q, E, D. 



AB-BC= 

BC«+ 

AOBC. 



For 

AE=AD 

+CE. 



Proposition 8. — Theorem. 

If a straight line he divided into any two parts, the recU 
angle contained hy the wJwle and ovve of the parts is eqxial to 
tJie square on that pwrty iogetlier with tJie recta/ngle contained 
by the two parts. 

Let the straight line AB be divided into any two parts in 
the point C; 

The rectangle AB * BC shall be equal to the square on BC, 
together with the rectangle AC • CB. 

Construction. — Upon BC describe the square CDEB 
(I. 46). 

Produce ED to F ; and through A f ' I 

draw AF parallel to CD or BE (I. 31). 

Proof. — ^Then the rectangle AE is 
equal to the rectangles AD and CE. 

But AE is the rectangle contained by 
AB and BC, for it is contained hj AB 
and BE, of which BE is equal to BC ; 

And AD is contained by AC and CB, fox CD is equal to CB, 
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And CE is tlie square on BC. 

Therefore the rectangle AB, BC is equal to the square on 
BC, together with the rectangle AC, CB. 
Therefore, if a straight line, &c. Q, E, D, 



Proposition 4.— Theorem. 

Jf a straight line he divided into any two partSf tlie square 
on the whole line is equal to ilie sum of Hie squares on the two 
j>artSy together with twice the rectangle contained hy the parts. 

Let the straight line AB be divided into any two parts 
inCj 

The square on AB shall be equal to the squares on AC and ab2 = 
CB, together with twice the rectangle contained by AC !?;•;£?« 
andCB. +-Ai.^ii. 

Construction. — Upon AB describe the square ADEB 
(I. 46), and join BD. 

Through C draw CGF parallel to AD or 
BE (I. 31). 

Through G draw HGK parallel to AB " 
or DE (I. 31). 

PROOF.-^Because CF is parallel to AD, 
and BD falls upon them, 

Therefore the exterior angle BGC is 
equal to the interior and opposite angle ADB (I. 29). 

Because AB is equal to AD, being sides of a square, the 
angle ADB is equal to the angle ABD (I. 5); 

Therefore the angle CGB is equal to the ande CBG show first 
(Ax. 1); 

Therefore the side BC is equal to the side CG (I. 6). 

But CB is also equal to GK, and CG to BK (I. 34); 

Therefore the figiure CGKB is equilateral. 

It is likewise rectangular. 

For since CG is parallel to BK, and CB meets them, tho 
angles KBC and GCB are together equal to two right 
angles (I. 29). 

But KBC is a right angle (Const.), therefore GCB is a 
light angle (Ax. 3). 

Therefore also the angles CGK, GKB, opposite to these, 
are right angles (I. 34). 




that CK ia 
a square 
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Therefore CGKB is rectangular ; and it has been proved 
lequilateral ; therefore it is a square; and it is upon the 
Bide CB. 
Co niao ^or the same reason HF is also a square, and it is on 

HF=AC« the side HG, which is equal to AC (I. 34). 

Therefore HF and CK are the squares on AC and CB. 
And because the complement AG is equal to the com- 
^„i plement GE (I. 43), 

AG+GE And that AG is the rectangle contccined by AC and CG, 

=2ACCB ^^^^ ^ y^^ j^Q ^^ ^j^^ 

Therefore GE is also equal to the rectangle AC, CB ; 

Therefore AG, GE are together equal to twice the rect- 
angle AC, CB; 

And HF, CK are the squares on AC and CB. 

Therefore the four figures HF, CK, AG, GE are equal 
to the squares on AC and CB, together with twice the 
rectangle AC, CB. 

But HF, CK, AG, GE, make up the whole figure ADEB, 
which is the squai*e on AB ; 
.♦.whole Therefore the square on AB is equal to the squares on. 
^reoT ^Q ^^^ Qg ^^^ twice the rectangle AC • CB. 

i 2 ac^^b: Tlierefore, if a straight line, &c. (?. K D. 

Corollary. — ^From this demonstration it follows that the 
pai'allelogi'ams about the diameter of a square are likewise 
squares. 

Proposition 5. — Theorem. 

If a straight line he divided into two eqtuzl parts, and also 
into two unequal pa^ts, the rectangle contahied by the unequal 
parts, together with the sqv/ire on the line between tJie points of 
section, is equal to the square on half the line. 

Let the straight line AB be bisected in C, and divided 
unequally in D ; 
ad'DB The rectangle AD, BD, together with the square on CD, 
^g^^ shall be equal to the square on CB. 

CoNSTBUcrriON. — Upon CB describe the square CEFB 
(I. 46), and join BE. 
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Through D draw DHG paraUel to CE or BF (I. 31). 

Through H draw KLM parallel to CB or EF. 

And through A draw AK par- 
allel to OL or BM. j^ 

Pboop. — ^Then the complement 
CH is equal to the complement HF ^ 
(L 43). 

To each of these add DM ; there- 
fore the whole CM is equal to the 
whole DF (Ax. 2). 

But CM is equal to AL (I. 36), because AC is equal to CB 

(Hyp.); 

Therefore also AL is equal to DF (Ax. 1). 

To each of these add CH; therefore l^e whole AH is 
equal to DF and CH (Ax. 2). 

But AH is contained bj AD and BD, since DH is equal 
to DB (IL 4, cor.), 

And DF, together with CH, is the gnomon CMG ; 

Therefore the gnomon CMG is equal to the rectangle AD, DB. 

To each of these equals add LG, which is equal to the 
square on CD (II. 4, cor., and I • 34); 

Therefore the gnomon CMG, together with LG, is equal 
to the rectangle AD, DB, togeiiier with the square on CD. 

But the gnomon CMG and LG make uj) the whole figure 
CEFB, which is the square on CB ; 

Therefore the rectangle AD, DB, together with the square 
on CD, is equal to the square on CB. 

Therefore, if a straight line, <fec. Q, E. Z>. 

ConoLLARY. — From this proposition it is manifest that tho 
difference of the squares on two unequal lines AC, CD is 
equal to the rectangle contained by their sum and difference. 



Por 
AL=iCH 



.•.AH= 
DF+CU. 



=AD-DB. 
Add to 
each LG or 
CD2. 



.*. CB« 

=AD-DB 

•fCD«. 



Proposition 6. — Theorem. 

If a straight lirie he bisected, and prodiiced to any point, the 
rectangle contained by tlie whole line thvs prodticed and tJie 
part of it produced, together with the square on Imlf the line 
bisected, is equal to the square on the straight line which is 
tnade up of the half and the part produced. 

I/et thQ straight line AB be bisected in C^ and produced to D ] 



u 
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AB-DB 
+ CB« 



For 

AL = cn 

= HF. 



.'. AM or 

ADDB 
= CMa 



Add to 
each LG 
or CB2. 



.-.ad-d: 

+ CBa 



A ( 


C B D 


L. 


H 


/ 


Iff 


K 


/ 







E 



Q 



The rectangle AD, DB, together with the square on CB, 
shall be equal to the square on CD. 

Construction. — Upon CD describe the square CEFD 
(I. 46), and join DK 

Through B dmw BHG parallel 
to CE or DF (I. 31). 

Through H draw KLM parallel 
to AD or EF. 

And through A draw AK par- 
allel to CL or DM. 

Proof. — Because AC is equal 
to CB (Hyp.), the rectangle AL is equal to CH (I. 36). 

But CH is equal to HF (I. 43), therefore AL is equal to 
HF (Ax. 14). 

To each of these add CM; therefore the whole AM u 
equal to the gnomon CMG (Ax. 2). 

But AM is the rectangle contained by AD and DB, since 
DM in equal to DB (II. 4, cor.) ; 

Therefore the gnomon CMG is equal to the rectangle 
AD, DB (Ax. 1). 

Add to each of these LG, which is equal to the square en 
CB (IL 4, cor., and I. Si) ; 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the gnomon CMG and the figure LG. 

But the gnomon CMG and LG make up the whole figure 
CEFD, which is the square on CD; 

Therefore the rectangle AD, DB, together with the square 
on CB, is equal to the square on CD. 

Therefore, if a straight line, <fec. Q. E, D, 



AB9+BCS 
= 2ABBC 
+ AC«. 



Proposition 7. — Theorem. 

If a straight line he divided into any two parts, the squares 
on the whole line and on one of tlie parts are equal to twice 
the rectangle contained by the wJiole and tJiat part, togetJier 
with the square on the other part. 

Let the straight lino AB be divided into any two parts in 
the point C; 

The squares on AB and BC shall be equal to twice the 
rectangle AB, BC, together with the square on AC. 
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CoNSTRTTCTiON. — Upon AB describe the square ADEB 
(I. 46), and join BD. 

Through draw CGF parallel to AD or 
BE (I. 31). 

Through G draw HGK parallel to AB 
or DE (I. 31). 

Proof. — ^Then AG is equal to GE 
(I. 43). 

To each of these add CK ; therefore the 
whole AK is equal to the whole CE; 

Therefore AK and CE are double of AK 

But AK and CE are the gnomon AKF, together with the 
square CK ; f \ 

Therefore the gnomon AKF, together with the square CK, 
is double of AK. 

But twice the rectangle AB, BC is also double of AK, for 
BK is equal to BC (11. 4, cor.) ; 

Therefore the gnomon AKF, together with the square CK, 
is equal to twice the rectangle AB, BC. 

To each of these equals add HF, which is equal to the 
i^quare on AC (II. 4, cor., and I. 34); 

Therefore the gnomon AKF, together with the squares 
CK and HF, is equal to twice the rectangle AB,* BC, together 
with the square on AC. > 

But the gnomon AKF, together with the squares CK and 
HF, make up the whole figure ADEB and CK, which are 
the squares on AB and BC; 

Therefore the squares on AB and BO are equal to twice 
the rectangle AB, BC, together with the square on AG 

Therefore, if a straight line, ^c. Q. E. I), 



For 
AKsCB. 



.•.AKF 

+ CK = 
2ABBC. 



Add HF or 
ACS to each 
equaL 



.•.AB« 

+ BC« 
= 2ABBC 
+ AC«. 



Proposition 8. — Theorem. 

If a straight line he divided into any two parts, /our times 
the rectangle contained hy the whole line and one </ the parts, 
together with the square on the other pa/rt, is equal to tlie 
square on the straight line which is rrUxde up of ^ whole Une 
and the first mentioned part. 

Let the straight lijgie AB be divided into any two parts in 
the point C; 
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4AB'B0 Foiu' times the rectangle AB, BC, together with the square 
(AB+B^. 01^ AC^ shall be equal to the square on the straight line 
made up of AB and BC together. 

Construction. — ^Produce AB to D, so that BD may be 
equal to CB (Post. 2, and I. 3). 

Upon AD describe the square AEFD 
(I. 46), 



And construct two figures such as in ^ 
the preceding propositions. ^ 

Peoof. — Because CB is equal to BD 
(Const.), CB to GK, and BD to KN" 
(Ax.1), 



K 



^A 



Tl 



Jt 



For the sajne reason PK is equal E ELF 

toRO. 
Y„ And because CB is equal to BD, and GK to KN, 

BN=CK Therefore the rectangle CK is equal to BN, and GR to 

=GB=aN j^j^ ^j 3g^ 

But CK is equal to BN, because they are the com2)lements 
of the parallelogram CO (I. 43) ; 
Therefore also BN is equal to GR (Ax. 1). 
.•.the four Therefore the four rectangles BN, CK, GR, RN are equal 
=^ck'^ to one another, and so the four are quadruple of one of them, 

' CK. 
And Again, because CB is equal to BD (Const); 

the rect- And that BD is equal to BK, that is CG (II. 4, Cor., and 

angles y oix. ^ \ / » 

AO,MP, L t)4); 

torach COr.)j 

frSto^^ Therefore CG is equal to GP (Ax. 1). 

ther= And because CG is equal to GP, and PR to RO, 

The rectangle AG is equal to MP, and PL to RF (I. 36). 

But MP is equal to PL,- because they are complements of 
the parallelogram ML (I. 43), and AG is equal to RF (Ax. 1) ; 

Therefore the four rectangles AG, MP, PL, RF are equal 
to one another^ and so the four are quadruple of one of them, 
AG. 

And it was demonstrated that the foiu: CK, BN, GR, and 
RN are quadruple of CK j 

Therefore the ei^ht rectangles which make up the gnomon 
AOH are quadruple of AK. 
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And because AK is the rectangle contained by AB and .'.onomoD 

BC, for BK is equal to BC ; i(CK-^) 

Therefore four times the rectangle AB, BC is quadruple of ^ J a5bc 

AK -iABlK. 

But the gnomon AOH was demonstrated to be quadruple 
ofAK; 

Therefore four times the rectangle AB, BC is equal to the 
gnomon AOH (Ax. 1). 

To each of these add XH, which is equal to the square Hence 
on AC (11. 4, cor., and I. 34); aaSfAC", 

Therefore four times the rectangle AB, BC, together with 
the square on AC, is equal to the gnomon AOH and^the 
square XH. 

But the gnomon AOH and the square XH make up the 
figure AEFD, which is the square on AD ; 

Therefore four times the rectangle AB, BC, together with * -^ * ^^ 
the square on AC, is equal to the square on AD, that is, on =z af = 
the line made up of AB and BC together. (ab+bc)\ 

Therefore, if a straight line, d^ Q, E, D, 

Froposition 9.— Theorem. 

If a straight line he divided into two equal, and also into 
two uneqvul jxirts, the squares on the two unequal parts are 
together double of the square on half the line, and of the square 
on the line between the points ofsectioTU 

Let the straight line AB be divided into two equal parts 
in the point C, and into two unequal parts in the point D; 

The squares on AD and DB shall be together double of ADs-f dbi 
the squares on AC and CD. c£^^^ 

Construction. — From the point C draw CE at right 
angles to AB (1. 11), and make it equal 
to AC or CB (I. 3), and join EA, EB. 

Through D draw DF parallel to CE 
(L 31). 

Through F draw FG parallel to BA 
(I. 31), and join AF. 

Proof. — Because AC is equal to CE 
(Const.), the angle EAC is equal to the angle AEC (L 5). 
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And because the anglp ACE is a ligHt angle (Const,), the 
angles AEC and EAC together make one right angle (I. 32), 
For and they are equal to one another ; 

AEC=i a Therefore each of the ancles AEC and EAC is half a right 

right L . ^ & 

s c£a angle. 

For the same reason, each of the angles CEB and EBC is 
half a right angle; 
a ri^h? ^ Therefore the whole angle AEB is a right angle. 

And because the angle GEF is half a right angle, and the 
angle EOF a right angle, for it is equal to the interior and 
opposite angle ECB (I. 29), 

Therefore the remaining angle EFG is half a right angle ; 
Therefore the angle GEF is equal to the angle EFG, and 
EG=GF. the side EG is equal to the side GF (I. 6). 

Again, because the angle at B is half a right angle, and 
the angle FDB a right angle, for it is equal to the interior 
and opposite angle ECB (I. 29), 

Therefore the remaining angle BFD is half a right angle ; 
^^j Therefore the angle at B.is equal to the angle BFD, and 

DJ?'=»DR the side DF is equal to the side DB (I. 6). 

And because AC is equal to CE (Const.), the square on 
AC is equal to the square on CE ; 

Therefore the squares on AC and CE are double of tho 
B„t square on AC. 

AE«« But the square on AE is equal to the squares on AC and 

CE, because the angle ACE is a right angle (I. 47); 

Therefore tho square on AE is double of the square on AC. 
Again, because EG is equal to GF (Const.), the square on 
EG is equal to the square on GF ; 

Therefore the squares on EG and GF are double of the 
square on GF. 
So also But the square on EF is equal to the squares on EG and 

=2*CD?^ GF, because the angle EGF is a right angle (I. 47) ; 

Therefore the square on EF is double of the square on GF. 
And GF is equal to CD (I. 34); 

Therefore the square on EF is double of the square on CD. 
But it has been demonstrated that the square on AE is 
also double of the square on AC ; 
EF8= ^ Therefore the squares on AE and EF are double of the 
?^s)L squares on AC and CD. 



f&6t»0S11?I0ltS. 



6d 



But 
AE2+EFI 

s=Ar« 

=AD«+ 
=AD»+ 



.•.ADH 
DB 

=2(AC2* 



^ut the square on AF is equal to the squares on AE and 
"EF, because the angle AEF is a right angle (I. 47) ; 

Therefore the squai*e on AF is double of the squares on AO 
and CD. 

But the squares on AD and DF are equal to the square 
on AF, because the angle ADF is a right angle (I. 47); 

Therefore the squares on AD and DF are double of the 
squares on AC and CD. 

And DF is equal to DB; therefore the squares on AD and 
DB are double of the sque,res on AC and CD. 

Therefore, if a straight line, <fec. Q.E.D, 

Proposition 10.— Theorem. 

If a straight line he bisected and produced to any pointy tlie 
square on the whole line thus produced^ and the square on iJie 
pa/rt of it produced, are together double of tlve sq%mre on half 
tJie line bisected, and of the sqvxx/re 07i the line made up of the 
half and tJie part produced. 

Let the straight line AB be bisected in C, and produced to D ; ad«+db« 

The squares on AD andDB shall be together double of the cd='>. 
squares on AC and CD. 

Construction. — From the point C dmw CE at right angles 
to AB, and make it equal to AC or CB (1. 11, 1. 3), and join 
AE, EB. 

Through E draw EF parallel to AB, and through D draw 
DF parallel to CE (I. 31). Then because the straight lino 
EP meets the parallels EC, FD, the angles CEF, EFD are 
equal to two right angles (I. 29); therefore the angles BEF, 
EFD are less than two right angles ; 
therefore EB, FD will meet, if 
j>roduced towards B and D (Ax. 
12). 

Let them meet in G, and join a< 
AO. 

Proof. — Because AC is equal 
to CE (Const), the angle CEA is equal to the angle EAO 
(L 6). 

And the angle ACE is a right angle ; therefore each of the 
angles CEA and EAC is half a right angle (I. 32). 
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As In For tho earac reason each of the angles CEB and EBC is 

^ Lalf a right angle ; 
liSi* z* Therefore the vhole angle AEB is a light angle. 

And because the angle £BC is half a light angle, the angle 
DBG, iK'hich is Tertically opposite, is also half a right angle 

(1.15); 

But the angle BDG is a right angle, because it is equal to 
the alternate angle DCE (L 29); 

Therefore the remaining angle DGB is half a right angle, 

and is therefore equal to the angle DBG; 

^^^. Therefore also the side BD is equal to the side DG (I. C). 

~~ Again, because the angle EGF is half a right angle, and 

tho angle at F a right angle, for it is equal to the opposite 

angle ECD(L 34); 

Therefore the remaining angle FEG is half a rights angle 
(L 32), and therefore equal to the angle EGF; 
Abo^ Therefore also the side GF is equal to the side FE (L G). 

~~ And because EC is equal to CA, the square on EC is equal 

to the squai'e on CA; 

Therefore the squares on EC and CA are double of the 
square on C A, 
A«:ain M But the square on AE is equal to the squares en EC and 
^"^P'^ CA (L47); 

AEs=x Tlierefore the square on AE is double of the square 

"«--' onAa ' . 

Again, because GF is cqtial to FE, the square on GF is 
cqu;\l to tho square on FE; 

Therefoi^ the squares on GF and FE are double of the 
square on FE. 

But the square on EG is equal to the squares on GF and 
FE (I. 47); 

Therefore the square on EG is double of the square on FE. 
And FE is equal to CD (I. 34), 
And Therefore the square on EG is double of tho square on CD. 

f^^ But it has been demonstrated that the square on AE is 

.•jkE«+ double of the square on AC; 

vAf^ Therefore the squares on AE and EG are double of tha 

CD*). squares on AC and CD. 

S^EGs But the square on AG is equal to the squares on AE and 
^GK EG (L 47); 
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Therefore the square on AG is double of the squares on /.ag« 
AC and CD. D^f"^ 

But the squares on AD and DG are equal to the square on .•.ad«+ 
AG (I. 47); £Sxc+ 

Therefore the squares on AD and DG are double of the cd»> 
squares on AC and CD. 

And DG is equal to DB; therefore the squares 
on AD and DB are double of the squares on AC 
and CD. 

Therefore, if a straight line, &c, Q.E,D, 

Proposition 11. — Problem. 

To divide a given straight line into two parts, so that tJie 
rectangle contained hy the whole and one of the parts shall be 
equal to the square on tlie other part, 

Let AB be the given straight line. 

It is required to divide AB into two parts, so that the 
rectangle contained by the whole and one of the parts shall 
be equal to the square on the other part. 

Construction. — UponAB describe p, ,» 

the square ABDC (I. 46). 

Bisect AC in E (1. 10), and join BE. 

Produce C A to F, and make EF equal 
to EB (I. 3). 

Upon AF describe the square AFGH 
(I. 46). 

Produce GH to K, 

Then AB shall he divided in II, so 
titat the rectangle AB, Bllis equal to tlie 
square on AIL 

Proof. — Because the straight line AC is bisected in E, 
and produced to F, 

The rectangle CF, FA, together with the square on AE, cppa + 
is equal to the square on EF (II. 6). 4ef« 

But EF is equal to EB (Const.); =eb« 

Tlierefore the rectangle CF, FA, together with the square 
on AE, is equal to the square on EB. 

But the square on EB is equal to the squares on AE and s:ABs+ 
AB; because the angle EAB ia a right angle (I. 47); ^^ 
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Therefore the rectangle CF, FA, together with the squdr© 
on AE, is equal to the squares on AE and AB. 

Take away the square on AE, which is common to both ; 
=AB^ Therefore the remaining rectangle CF, FA is equal to the 

" * square on AB (Ax. 3). 

But the figure FK is the rectangle contained by CF and 
FA, for FA is equal to FG; 
And AD is the square on AB; 
••.FKsAD Therefore the figure FK is equal to AD. 
•Takeawi^ Take awav the common part AK, and the remainder FH 
FHs^lS ^8 equeJ to we remainder HD (Ax. 3). 
^ ABBH But HD is the rectangle contained by AB and BII, for 
" ' AB is equal to BD; 

And FH is the square on AH ; 

Therefore the rectangle AB,BH is equal to the square on 
AH. 

Therefore the straight line AB is divided in H, so that the 
rectangle AB, BH is equal to the square on AH. Q,E,F. 

Proposition 12.— Theorem. 

In olttise-angled iriattgles \fa perpendicular he draicnfrom 
eit/ier qf the cuiiite angles to tlie opposite side produced, the 
square o^i ike side subtending tJie c^tuse an^gle is greater than 
the squares on the sides containing the obtuse angle^ by twice 
Vie rectangle contained by tJie side on whichy when produced^ 
t/is perpendicular /aUs^ and the straight line intercepted with- 
out the triangle^ between (he perpendicular and t/ie obtiLse angle. 

Let ABC be an obtuse-angled triangle, having the obtuse 

angle ACB; and from the point A let AD 
Yor Jt he drawn perpendicular to BC produced. 

AB«=AC« yy The square on AB shall be greater 

2B0CI). y^ / than the squares on AC and CB by twice 

the rectangle BC, CD. 

Proof. — Because the straight line BD 

is divided into two parts in tlie point C, 

+c'55^ * ^ "^^ The square on BD is equal to the 

2BC-CD. squares on BC and ^Jy^ and twice the rectangle BC, CD 

(II. 4). 

To each of these equals add the square on DA j 
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Therefore the squares on BD and DA are eoual to the.MJDHDAH 
squares on BC, CD, DA, and twice the rectangle BO, CD. ~bc«+ 

But the square on BA is equal to the squares on BD and (9?^'^ 
DA, because the angle at D is a right angle (I. 47); +2bccd 

And tlie square on CA is equal to the squares on CD and x5»^*^ 
DA (I. 47) ; +2BC-CD. 

Therefore the square on BA is equal to the squares on BO 
and CA, and twice the rectangle BC, CD ; that is, the square 
on BA is greater than the squares on BO and CA by twice 
the rectangle BC, CD. 

Therefore, in obtiise-angled triangles, &c. Q,E»D. 

Proposition 13.— Theorem. 

In every triangle, the square on tJie side subtending an acute 
angle is less than the squares on the sides containing that cmgle, 
by twice the rectangle contained by either of these sides, and 
the straight line intercepted between the perpendicular let /all 
on it from the opposite angle and the acute angle. 

Let ABO be any triangle, and the angle at B an acute 
angle ; and on BC, one oi the sides containing it, let fall the 
perpendicular AD from the opposite angle (I. 12). 

The square on AC opposite to the angle B, shall be less ac5=cb« 
than the squares on CB and BA, by twice the rectangle ^bb5 
CB, BD. 

Case I.— Fii-st, let AD fall within the 
triangle ABC. 

Proof. — Because the straight line CB is 
divided into two parts in the point D, , \ w 

The squares on CB and BD are equal / \ cb«+bp« 

to twice the rectangle contained by CB, / ■ ■ ^ -^ +iK;a^^ 

BD, and the square on DC (II. 7). 

To each of thei^e equals add the square on DA. 

Therefore the squares on CB, BD, DA are equal to twice .-.CB'-f 
the rectangle CB, BD, and the. squares on AD and DC. da^^ 

But the square on AB is equal to the squares on BD and 1?^ pi^ 
DA, because the angle BDA is a right angle (I. 47) ; Dc«), 

And the square on AC is equal to the squares on AD and cb'+bas 
DC (I. 47); ^ ••t«^b.I)b 

Therefore the squares on CB and BA are equal to the 
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/.AC* 
cCBS 
+ BA9^ 
KB'BD, 



AB3=AC> 

+CBa+ 



.•.AB2+ 
UC« 

=AC«+ 
2(BC»+ 
BCCD> 



Now 
DBBCsa 
BCCD+ 
BOS. 

.•.ACI 

sABS-f 

BO- 

SBC'DB. 




square on AC, and twice the rectangle CB, BD; tliat is, tliG 
square on AO alone is less than the squares on CB and BA 
by twice the rectangle CB, BD. 

Case II. — Secondly, let AD fall without the triangle ABC. 
Pboof. — Because the angle at D is a right angle (Const.), 

A the angle ACB is greater than a right 
angle (I. 16); 

Therefore the square on AB is equal 
to the squares on AC and CB, and twice 
the rectangle BC, CD (IL 12). 

To each of these equsds add the square 
^ on BC. 

Therefore the squares on AB and BC are equal to the 
square on AC, and twice the square on BC, and twice the 
rectangle BC, CD (Ax. 2). 

But because BD is divided into two parts at C, 
The rectangle DB, BC is equal to the rectangle BC, CD 
a^d the square on BC (II. 3) j 

And the doubles of these are equal, that is, twice the 
rectangle DB, BC is equal to twice the rectangle BC, CD 
and twice the square on BC ; 

Therefore the squares on AB and BO are equal to the 
square on AC, and twice the rectangle DB, BC ; that is, the 
^ square on AC alone is less than the squares on AB 
and BC by twice the rectangle DB, BC. 

Case III. — Lastly, let the side AC be perpen- 
dicular to BC. 

Proof. — Then BC is the straight line between the 
pei*pendicular and the acute angle at B ; and it is 
manifest that the squares on AB and BC are equal 
to the square on AC, and twice the square on BC (I. 47, 
and Ax. 2). 

Therefore, in every triangle, <kc. Q,KD, 




Proposition 14.— Problem. 

To describe a square tJiat sltqll be equal to a given recti' 
tinealjigure. 

Jjet A be the given rectilineal figure. 

It is required to describe a square that shall be equal to A. 
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Construction. — Describe tho reciangiilar paraUelogram 
BCDE equal to the rectilineal figure A (I, 45). 

If then t]ie sides of it, BE, ED, are equal to one anothefj 
it is a square, and 'what 
■was required is now 
done. 

But if they are not 
equal, produce one of 
them, BE, to F, and 
make EF equal to ED 
(I. 3). 

Bisect BF in G (1. 10), and from the centre G, at the dis- 
tance GB, or GF, describe the semicircle BHF ; 

Produce DE to H, and join GH ; 

Hien the square described upon ER shall be equal to the 
rectilineal figure A. 

Pkoop. — Because the straight line BF is divided into two 
cqu£tl parts in the point G, and into two unequal parts in 
the point E, 

The rectangle BE,EF, together -with the square on GE, beef 
is equal to the square on GF (11. 5), 1q^ 

But GF is equal to GH ; =oh» 

Therefore the rectangle BE,EF, together with the square eh». 
on GE, is equal to the square on GH. 

But the square on GH is equal to the squares on GE and 
EH (I. 47) ; 

Therefore the rectangle BE,EF, together with the square .-.bE'EP 
on GE, is equal to the squares on GE and EH. cjmi. 

Take away the square on GE, which is common to both ; 

Therefore the rectangle BE,EF is equal to the square on 
EH (Ax. 3). 

But the rectangle contained by BE and EF is the paral- 
lelogram BD, because EF is equal to ED (Const.); 

Therefore BD is equal to the square on EH. 

But BD is equal to the rectilineal figure A (Const) ; 

Therefore tho square on EH is equal to the rectilineal Hence 
gure A ^ 

Therefore, a square has been made equal to the given 
rectilineal figure A, viz., the square described on EH. 
Q.E.F. 
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EXERCISES ON BOOK II. 

Prop. 1—11. 

1. Divide a given straiglit line into two bucIi parts that tlie rect* 
angle contained by them may be the greatest possible. 

2. The sum of the squares of two straight Imes is never less than 
twice the rectangle contained by the straight lines. 

3. Divide a given straight line into two parts such that the squares 
of the whole Ime and one of the parts shall be equal to twice the 
square of the other part. 

4. Given the sum of two straight lines and the difference of their 
squares, to find the lines. 

6. In any triangle the difference of the squares of the sides is equal 
to the rectangle contained by the sum ana difference of the parts 
into which the base is divided, by a perpendicular from the vertical 
angle. 

6. Divide a given straight line into such parts that the sum of their 
squares may be equal to a given square. 

7. If A6CD be any rectangle, A and C being opposite angles, and 
O any point either within or without the rectangle — OA' + OC 
= 0B« + 0D». 

8. Let the straight line AB be divided into any two parts in the 
point C. Bisect CB in D, and take a point E in AC such that £C 
= CD. Then shall AD« = AE« + AC • CB. 

0. If a point C be taken in AB, and AB be produced to D so that 
BD and AC are equal, show that the squares aescnbed upon AD and 
AC together exceed the square upon AB by twice the rectangle con« 
tained by AE and AC. 

10. From the hypothenuse of a right-angled triangle portions are 
cut off equal to the adjacent sides. Show that the square on tho 
middle segment is equal to twice the rectangle under the extreme 
segments. - 

11. If a straight line be divided into any number of parts, the 
square of the whole line is equal to the sum of the squares of tho 
parts, together with twice the rectangles of the parts taken two and 
two together. 

12. If ABC be an isosceles triangle, and DE be drawn parallel to 
the base BC, cutting in D and E either the side or sides produced, 
and EB be joined; prove that BE* = BC • DE + CE*. 



Prop. 12—14. 

13. In any triangle show that the sum of the squares on the sides 
is equal to twice the square on half the base, and twice tho square on 
the line drawn from the vertex to the middle of the base. 
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14. If smiarcs are described on the sides of any tmngle, find the 
difference between the sum of two of the s(][aare8 and the third 
square, and show from your residt what this becomes when the 
angle opposite the third square is a right angle. 

15. Show also what the difference becomes when the vertex of the 
triangle is depressed until it coincide with the base. 

16. The square on any straight lino drawn from the vertex of an 
isosceles triangle, together with the rectangle contained by the 
segments of the base, is equal to the square upon a side of the 
triangle. 

17. If a side of a triangle bo bisected, and a perpendicular drawn 
from the middle point of the base to meet the side, then the square 
of the altitude of the triangle exceeds the square upon half the base 
by twice the rectangle contained by the side and the straight line 
between the points of section of the side. 

18. In any triangle ABC, if perpendiculars be drawn from each of 
the angles upon the opposite sides, or opposite sides produced, meet- 
ing them respectively in D, E, F, show that — 

BA« + AC« + CB« =2AE-AC + 2CD-CB + 2BP-BA; 

» 

all lines being measured in the same, direction round the triangle. 

19. Construct a square equal to the sum of the areas of two given 
rectilinear figures. 

20. The base of a triangle is 63 ft., and the sides 25 ft. and 52 ft. 
respectively. Show that the segments of the base, made by a per- 
pendicular from the vertex, are 15 ft. and 48 ft. respectively, and 
that the area of the triangle is 630 sq. ft. 

21. In the same triangle, show that the length of the line joining 
the vertex with the middle of the base is 22*9 ft. 

22. A ladder, 45 ft. long, reaches to a certain height against a 
wall, but, when turned over without moving the foot, must be short- 
ened 6 ft. in order to reach the same height on the opposite side. 
Supposing the width of the street to be 42 ft., show that the height 
to which the ladder reaches is 36 ft. 

23. The base and altitude of a triangle are 8 in. and 9 in. respec- 
tively; show that its area is ec^naX to a square whose side is 6 in. 
Prove your result by construction. 

24. On the supposition that lines can be always expressed exactly 
in terms of some unit of length, what geometrical propositions may 
be deduced from the following algebraical identities !^ 

(1.) (a + 6)« = a« + 2a6 + &» 
(2.) (a + h) {a-b) + 6« = a» 
(3.) (2a + fc)6 + a» = (a + 6)« 
(4.) (a + 6)« + &« = 2 (a + 6) 6 + a« 
(5.) 4 (a + i) 6 + 6« = (a + 2 6)» 
(6.) (a + by + (a - by = 2a« + 2i« 
(7.) (2a t by t i^' - 3a» + 2 (a + by 
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EUCLID'S ELEMENTS, BOOK IH. 

Definitions. 

1. Equal circles are those of wMch the diameters are equal, 
or from the centres of which the straight lines to the circum- 
ferences are equal. 



2. A straight line is said to touch 

a circle, or to be a tangent to it, 
when it meets the circle, and being 
produced does not cut it. 

3. Circles are said to touch one 
another, which meet, but do not cut 
one another. 



4. Straight lines are said to be equally 
distant from the centre of a circle, when 
the perpendiculars drawn to them from the 
centre are equal. 

5. And the straight line on which the 
greater perpendicular falls, is said to be 
farther from the centre. 

6. A segment of a circle is the figure 

contained by a straight line and the circum- 
ference which it cuts off. 
7. The angle of a segment is that which la contained by 
the straight line and the circumference. 

®8. An angle in a segment is the angle 
contained by two straight lines drawn 
from any point in the circumference of 
the segment to the extremities of the 
straight line, which is the base of the 
segment 
9. An angle is said to insist oi 
stand upon the circumference inter- 
cepted , between the straight lines that contain the 
angle. 
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10. A sector of a circle is the figure con- 
tained by two Btraiglit lines drawn from 
the centre and the circumference between 
them. 



11. Similar segments of circles 

are those which contain equal 
angles. 



[Any portion of tlie circumference is called on arc, and tho chord 
of an arc is the straight line joining its extremities.] 




Proposition 1. — ^Problem. 
To Jlnd the centre of a given circle. 

Let ABO be the given circle. 

It is required to find its centre. 

Construction. — Draw within the circle any chord AB, 
and bisect it in D (I. 10). 

From the point D draw DO at right 
angles to AB (I. 1 1). 

Produce CD to meet tho circumference 
in E, and bisect CE in F (I. 10). 

Then thepoirit FsJiall he tite centre of the 
circle ABC 

Proof. — For if F be not the centre, if ^' 
possible let G be the centre; and join GA, 
GD, GB. 

Then, because DA is equal to DB (Const.), and DG com- 
mon to the two triangles ADG, BDG; 

The two sides AD, DG are equal to the two sides BD, 
DG, each to each ; 

And the base GA is equal to the base GB; being radii of 
the same circle; 

Therefore the angle ADG is equal to the angle BDG (I. 8). .^. -^ ado 

But when a straight line, standing on anotlier straight ^^ 
line, makes the adjacent angles equal to one another, each of 
the angles is called a right angle (I. D^i. 10). 




Suppose 

Othe 

centre. 
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Therefore the angle GDB is a right angle. 

But the angle FDB is also a right angle (Const) ; 
jGgg Therefore the angle GDB is equal to the angle IT>B 
(Ax. 1 1), the less to the greater ; which is impossible. 

Therefore O is not the centre of the circle ABC. 

In the same manner it may be shown that no point which 
is not in CE can be the centre. 

And since the centre is in CE, it must be in F, its point 
of bisection. 

Therefore F is the centre of the circle ABC : which was 
to be found. 

Corollary. — ^From this ifc is manifest that, if in a circle a 
straight line bisect another at right angles, the centre of the 
circle is in the line which bisects the other. 

Proposition 2.— Theorem. 

If any two points he taken in the circumference of a circle^ 
the straight line which joins them shall fall within the circle. 

Let ABC be a circle, and A and B any two points in the 
circumference. 

The straight line drawn from A to B shall fall within the 
circle. 

Construction. — Find D the centre of the circle ABC 

(III. 1), and join DA, DB. , 

In AB take any point E ; join DE, and 
produce it to the circumference in F. 

Proof. — Because DA is equal to DB, 
the angle DAB is equal to the angle 
DBA (1 5). 

^DBB \y \ X / "^^ because AE, a side of the triangle 
=r z DAB, ^T^ yST^ DAE, is produced to B, the exterior angle 



*°DEB>. "^ ^ DEB is greater than the interior and 

DBB. opposite angle DAE (I. 16). 

But the angle DAE was proved to be equal to the angle 
DBE; . - 

Therefore the' angle DEB is also greater than DBE. 

But the greater angle is subtended by the greater side 

(I. 19); 
;-.DB=>DB. Therefore DB is greater than DE. 
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But DB is equal to DP; therefore DF is greater 
than DEy and the |)oint E ia therefore withm tho 
circle. 

In the same manner it may be proved that every point ia 
AB lies within the circle. 

Therefore the straight line AB lies within the circle. 

Therefore, if any two points, <kc. Q.E.D. 

Proposition 3.— Theorem. 

If a straight line drawn through the centre of a circle bisect 
a straight line in it ivhich does 9iot pass through Hie cevUre, it 
shaU cut it at rig/U aiigles; a7id conversely^ {fit cut it at right 
angleSy it shaU bisect it 

Let ABC bo a circle, and let CD, a straight lino drawn 
through the centre, bisect any straight line AB, which does 
not pass through tho centre. 

C£> shall cut AB at right angles. 

Construction. — ^Take E, the centre of tho circle (III. 1), 
and join EA, ER 

Proof. — Because AF is equal to FB 
(Hyp.), and FE common to the two ti-iangles 
AF£,'BFE, and tho base EA equal to the 
base EB (I. Def. 15), 

Therefore the anglo AFE is equal to tho 
angle BFE (I 8) ; V LV AiJ??^-^ 

Thereforo each of the angles AFE, BFE ^^^ZjEZ^^ ^^^^^ 
is a right angle (I. def. 10); ^ every ^ 

Thereforo the straight line CD, drawn through tho centre, '*^P«*''*^ 
bisecting another, AB, that does not pass through tho centre^ 
also cuts it at right angles. 

Conversely, let CD cut AB at right angles. 

CD shall bisect AB ; that is, AF shall bo equal to FB 
' — the same construction being made. 

Proof. — Becauso the radii EA, EB aro equal, tho anglo 
EAF is equal to tho angle EBF (I. 6), 

And tho angle AFE ia equal to tho anglo BFE 
(Hyp.), 

Therefore, in the two triangles EAF, EBF, there aix) two 
angles in tho ono equal to two angles in the other^ each to 

F 
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each, and tho sido EF, which is opposite to one of the equal 
angles in each, ia common to both; 

Therefore their other sides are equal (I. 26); 

Therefore AF is equal to FB. 

Therefore, if a straight line, &c, Q,KD. 



If they 
bisect each 
other. 



£F bisccta 
AC at 
ri^^ht 
au|;les. 



AndEF 
bisects BD 
at right 
angles. 



.•.ZFEA 
bZFEB. 



Proposition 4.— Theorem. 

If in a circle two straight lines cut one another, tcMch 
do not both pass through the cerUre, tJiey do not bisect each 
oilur. 

Let ABCD be a circle, and AC, BI> two straight lines in 
it, which cut one another at the point E, and do not both 
pass through the centre. 

AC, BD shall not bisect one another. 

If one of the lines pass through tho centre, it is plain that 
it cannot be bisected by the other, which does not pass through 
the centre. 

But if neither of them pass through the centre, if possible, 
let AE be equal to EC, and BE to ED. 

Construction. — Take F, the centime of the circle (III, 1), 
and join EF. 

Because FE, a straight line drawn 

through tho centre, bisects another line 

AC, which does not pass through the 

At;. f ^-.-^T centre (Hyp.), therefore it cuts it at right 

angles (III. 3) ; 

BV: *■ ^>^ / Therefore tho angle FEA is a right 

angle. 

Again, because the straight line FE bisects the straight 
line BD, which does not pass through the centre (Hyp.), 
therefore it cuts it at right angles (III. 3); 

Therefore the angle FEB is a right angle. 

But the angle FEA was shown to be a right angle ; 

Therefore the angle FEA is equal to the angle FEB, tho 
less to the greater, which is impossible; 

Therefore AC, BD do not bisect each other. 

Therefore, if in a circle, <fec. Q.E,D. 
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Proposition 6. — Theorem. 

Jf two circles cut one another^ they ehaU not have the same 
centre. 

Let the two circles ABC, CDG cut one another in the 
points B, C. 

They shall not have the same centre. 

For, if it be possible, let E bo their centre ; join EC, and 
dra^v any straight line EFG, meeting the 
cii-cles in F and G. 

Paoop. — ^Because E is the centre of the A/% \ \\ ec=e? 

circle ABC, EC is equal to EP (I. De£ 
15). 

And because E is the centre of the 
circle CDG, EC is equal to EG. "^^^^v^ ^^ and =Ea 

But EC was shown to be equal to EF; 

Therefore EF is equal to EG (Ax. 1), the less to the greater, .•.ef=ec3. 
which is impossible ; 

Therefore E is not the centre of the circles ABC, CDG. 

Therefore, if two circles, <kc. Q.E.D. 

Proposition 6.~Theorem. 

Jf one circle touch anotJier intemalhjy tJiey sJiall not Jtave 
Hie same cent/re. 

Let the cii-cle CDE touch the circle ABC internally in the 
point C. 

They shall not have the same centre. 

Construction. — ^For, if it be possible, let F be their centre; if they har* 
join FC, and draw any straight line FEB, ^ SSST 

meeting the circles in E and B. " ' " 

Proof. — Because F is the centre of 
the circle ABC, FC is equal to FB (I De£ 
15). 

And because F is the centre of tho \ \^ ^^ I ^^rF^ 
circle CDE, FC is equal to FE. ^ «^ / ^^--i^a. 

But FC was shown to be equal to FB ; 
Therefore FE is equal to FB (Ax. 1), the less to the greater, .•.fe=fb 
which is impossible ; 

Therefore F is not the centre of the circles ABC, CDE. 
Therefore^ if one circle^ &c ^.-fi^.j?. 
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Proposition 7.— Theorem. 

If any 'point he taken in the dia/meter^of a circle, which is 
not the centre of all tlie straight lines which can he drawn 
from this point to tJie circurrference, the greatest is that in 
tvhich the centre is, and the otJier part of tJiat diameter is the 
least ; and, of any otJiers, that which is Tiearer to the straight 
line which passes through the centre is always greater than 
one more remote; and from the same point there can he drawn 
to the circumference two straight lines, and only two, which 
are equal to one another, one on each side of the shortest line. 

Let ABCD be a circle, AD its diameter, and E its 

. tjentre, in which let any point F be taken which is not the 

centre. 

PA>*F3 Of all the straight lines FB, FC, FG, &c., that can be 

^^•^IS ^^'^'^^ from F to the circumference, FA, which passes 

the'ieast. throngh the centre, shall be the greatest ; 

FD, the other part of the diameter AD, shall be the least; 

And of the others, FB, the nearer to FA, shall be greater 

than FC, the more remote ; and FC greater than FG. 

CoNSTEUCTiON. — Join BE, CE, GE. 

BE+EF Proof. — Because any two sides of a triangle are greater 

orAF>EP ^^Ji^^ than the third side, BE, EF are greater 

than BF (T. 20). 

But AE is equal to BE ; therefore 
AE, EF, that is, AF is greater than BF. 

Again, because BE is equal to CE, 
and EF common to the two triangles BEF, 
CEF, the two sides BE, EF are equal to 
the two CE, EF, eacli to each. 
But the angle BEF is greater than the angle CEF ; 
And Therefore the base FB is greater than the base FG 

baseBP n 24). 

In the same manner it may be shown that FC is greater 

than FG. 
Airain Again, because GF, FE are greater than EG (I. 20), 

Seq^^ and that EG is equal to ED ; 
Rnd.-.>ED. Therefore GF, FE are greater than ED. 
.•.GF>FD Take away the conmion part FE, and the remainder GF 

is greater than, the remaiuder FD (Ax. 5). 




Therefore FA is tHe greatest, and FD tto least, of all the 
straight lines from F to the circumference; and FB is greater 
than FC, and FC than FG. 

Also, there cannot be drawn more than two equal straight 
lines from the point F to the circumference, one on each side 
of the shortest line. 

Construction. — At the point E, in the straight line EF, 
make the angle FEH equal to the angle F£G (I. 23), and 
join FH. 

Proof. — Because EG is equal to EH, and EF common to ^ep*^** 
the two triangles GEF, HEF, the two sides EG, EF are and hep 
equal to tLa two sides EH, EF, each to each ; STcJS^ 

And the angle GEF is equal to the angle HEF (Const.); respect. 

Therefore the base FG is equal to the base FH (I. 4). 

But, besides FH, no other straight line can be di-awn from 
F to the circumference equal to FG. 

For, if it be possible, let FK be equal to FG ; 

Then, because FK is equal to FG, and FH is also equal to ^^^'.^^ 

FG, therefore FH is equal to FK ; ^S^S fu. 

That is, a line nearer to that wliich passes through the J^p^lue. 
centre is equal to a line which is more remote; which is im- 
possible by what has been already shown. 

Therefore, if any point, <fcc. Q,E,D, 

Proposition 8.— Theorem. 

Tf any point he tcJcen without a circle, and straight liifies he 
drawn from it to the circumference^ one of which passes 
through the centre ; of those which fall on the concave circum- 
ference, the greatest is tliat which passes through the centre, 
and of Hie rest, that which is nearer to the one passing through 
the centre is always greater than one more remote ; but of those 
which fall on the convex circumference, the least is that be- 
tween the point without the circle and the diameter; and of 
the rest, that which is nearer to the least is always less than 
one more remote ; and from the same point titer e can hedraum 
to tJie circumference tivo straight lines, and only two, which 
are equal to one anotJier, one on each side ofilie least line. 

Let ABC bo a circle, and D any point without it, and 
from D let the alraight linca DA, DE, DF, DO bo drawn 
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DA>DE 
>-DP 



and 
DG<DK 



For 

EM+MD 
or AD^- 
£D. 



Also 
base ED 
>-ba8oFD, 



Again 
MK+KD 
>MD, or 
>MK+ 
DG. 
/.KD=»» 
DO, 
and .'.DO 



to the circmnference, of which DA passes through the 
centre. 

Of those which fall on the concave part of the circum- 
ference AEFC, the greatest shall be DA, which passes 
through the centre, and the nearer to it shall be greater 
than the more remote, viz., DE gi-eater than DP, and DF 
gi'cater than DC. 

But of those which fall on the convex circumference GKLH, 
the least shall be DG between the point D and the diameter 
AG, and the nearer to it shall be less than the more remote, 
viz., DK less than DL, and DL less than DH. 

Construction. — Take M, the centre of the circle ABO 
(III. 1), and join ME, MF, MO, MH, ML, MK. 

Proof. — Because any two sides of a 
triangle are greater thaii the third side, 
EM, MD are greater than ED (I. 20). 
But EM is equal to AM ; therefore 
AM, MD are greater than ED — ^that 
is, AD is greater than ED. ' 

Again, because EM is equal to FM, 
and MD common to the two triangles 
EMD, FMD ; the two sides EM, MD 
are equal to the two sides FM, MD, 
each to each ; 

But the angle EMD is greater than 
the angle FMD ; 

Therefore the base ED is greater than 
the base FD (I. 24). 

In like manner it may be shown that 
FD is greater than CD; 
Therefore DA is the greatest, and DE greater than DF 
and DF greater than DC. 

Again, because MK, KD aro greater than MD (I. 20), 
and MK is equal to MG; 

The remainder KD is greater than the remainder GD — 
that is, GD is less than KD. 

And because MK, DK are drawn to the point K within 
the triangle MLD from M and D, the extremities of its side 
MD; 

Therefore MK,DK are less thau ML, LD (I. 21). 
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But MK JA equal to ML ; therefore the remainder KD is 
less than the remainder LD. 

In like manner it may be shown that LD is. less -than HD. 

Therefore DG is the least, and KD less than DL, and DL 
less than DH. 

Also, there can be drawn only two equal straight lines from 
the point D to the circumference, one on each side of the 
least line. 

Construction. — At the point M, in the straight line MD, 
make the angle DMB equal to the angle DMK (I. 23), and 
join DB; 

Proof. — ^Because MK is equal to MB, and MD common Triangles 
to the two triangles KMD, BMD; the two sides KM, MD Sd bmd 
are equal to the two sides BM, MD, each to each : "^ *^^^ 

And the angle DMK is equal to the angle DMB (Const) ; respect. 

Therefore the base DK is equal to the base DB (I. 4X 

But, besides DB, no other straight line can be drawnfrom 
D to ihe circumference equal to DK 

For, if it be possible, let DN be equal to DK. 

Then, because DN is equal to DK, and DB is also equal DN=DK 
to DK, therefore DB is equal to DN (Ax. 1); ^J^-. 

That is, a line nearer to the least is equal to one which is f Wch ii 
more remote; wHch ia impossible by what haa been already ""»"^"'- 
shown. .^. 

Therefore, if any point, &c. Q,E.D. 

Proposition 9.— Theorem. 

J^ a point he taken within a circle^ from which therd can he 
dravon more than two equal straight lines to tJie circumference^ 
that point is the centre of the circld 

Let the point D be taken within the circle ABCj from 
which to the circumference there can be 
drawn more than two equal straight lines> 
viz., DA, DB, DC. 

The point D shall be the centrcf of the f[ 
circlei 

CoNSTRUCrriON. — For if not, let E be 
the centre ; join DE, and produce it to 
the circumference in F and G, 




Proof.— ThenFGisadiameierofthecircleABC (I.Def. 17). 
If D Ik not And because in FG, the diameter of tJie circle ABC^ there 
the centre. ^ taken the point D, not the centre ; 

i>r.^DC Therefore DG is the greatest straight line from D to the 
>>DJL circumference, and DO is greater than DB, and DB greater 

than DA (IIL 7); 
Cut they But these lines are likewise equal, by hypothesis; which is 
JJJjJ* impossible. 

Th^efoTB E is not the centre of the circle ABC. 

In like manner it may be demonstrated that any other 
point than D is not the centre; 

Therefore D is the centre of the circle ABC. 

Therefore, if a pointy &c Q^J). 

Proposition 10. — ^TheoraiL 

One circwmfertnce of a circU cannot cui another in more 
tkan Uco jpotnls. 

Ck>NSTRUcnoK. — If it be possible^ let the circumference 
Ifpoaibl^ _^ ABC cut the drtmmferenoe D£F in 

more than two points, Tiz., in the points 
B,G.F. 

Take the centre K of the circle ABC 
(HL 1), and join KB, KG, KF. 

Proof. — ^Because K is the centre of 
the drde ABC, the radii KB, KG, KF 
are all eqnaL 

*?jet^ And because within the circle DEF there is taken the 

ha>^ Um jxtint K, £rom which to the circumference DEF fall more 
^2^ than two equal strai^t lines KB, KG, KF, therefore K is 
the centre of the circle DEF (HL 9). 

But K is also the centre of the circle ABC (Const); 
Therefore the same point is the centre of two circles which 
cut one another; which is impossible (ILL 5). 
Therefore, one circumference^ d:a Q.^.2>. 

Propositioii IL — Theorem. 

If 0H4 dtoU i<mch another int^emaU^ in any ;K>i?ii, th^ 
^raight li^ie Kkick joins t/icir centres, being produced^ shaU 
lKt4ss through that fxnut 

Let the ciivlc ADE touch the ciivlc ABC iutornaUy in the 




PROPOSITIOlrS. 



8d 



point A; fend let F bo the centre of the circle ABC, and G 
the centre of the circle ADE. 

The straight line which joins their centres, being produced, 
shall pass through the point of contact A. 

Construction. — For, if not, let it pass otherwise, if ifnot^ 
possible, as FGDH. Join AF and AG. 

Proof. — Because AG, GF ore greater 
than AF (I. 20), and AF is equal to HF ^ 
(I. def. 15); 

Therefore AG, GF are greater than HF. 

Take away the common part GF, and the 
remainder AG is greater than the remainder 
HG 

But AG is equal to DG (I. Def. 15); 

Therefore DG is greater than HG, the less than the T^g; 
greater; which is impossible. iia. 

Therefore the straight line which joins the centres, being 
produced, cannot fall othenvisc than upon the point A, that 
is, it must pass through it. 

Therefore, if one ciixile, &c. Q,E,D. 




AG>na 



fiutAO 



Proposition 12.— Theorem. 

If two circles touch each otfier eosternaUy in any point, iJie 
straight line which joins their centres shaU pass through that 
poini. 

Let the two circles ABC, ADE touch each other externally 
in the point A; and let F be the centre of the circle ABO, 
and G the centre of the circle ADE; 

The straight line which joins 
their centres shall pass through 
the point of contact A. 

Construction. — For, if not, 
let it pass otherwise, if possible, 
as FCDG. Join FA and AG. 

Proof. — Because F is the 
centre of the circle ABC, FA 
is equal to FC (I. Def. 15). 

And because G is the centre of the circle ADE, GA is 
equal to GD; 




IfDOt^ 
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FGfs> 
KA+AG, 
bat it ia 



Therefore FA, AG are equal to FO, DG (Ax. 2). 

Thei'efore the whole FG is greater than FA, AG. 

But FG is also less than FA, AG (I. 20) , which is im- 
possible. 

Therefore the straight line which joins the centres of the 
circles shall not pass otherwise than through the point A, 
that is, it must pass through it. 

Therefore, if two circles, &c. Q,E,D, 



Proposition 13. — ^Theorem. 

One circle cannot touch another in more points than one, 
whether it touch it irUemaUy or extemaUy, 

I. First, let the circle EBF touch the circle ABC internally 
in the point B. 

Then EBF cannot touch ABC in any other point. 
If possible, Construction. — ^If it be possible, let EBF touch ABC in 
jetHtouiii another point D; join BD, and draw GH bisecting BD at 
right angles (T. 10, 11).; 





Proof. — ^Because the two points B, D are in the circum- 
ference of each of the circles, the straight line BD falls within 
each of them (IIL 2). 

Therefore the centre of each circle is in the straight line 
GH, which bisects BD at right angles (III. 1 cor.) 

Therefore GH passes through the point of contact (III. 11). 

But GH does not pass through the point of contact, 
because the points B, I) are out of the line of GH; which 



then 

OH passes 
through 
the point 

of contact, :« ahRiird 
which it *^ aosura. 



does not. Therefore one circle cannot touch another internally in 
more points than one. 
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11. Next, let the circle ACK touch tho circle ABO 
externally in the point A. 

Then ACK cannot touch ABC in any other point. 

Construction. — If it be possible, let ACK touch ABC in if possible 
another point C. Join AC. -^^^^^ toc^SSf 

Proof. — Because the points A, C are 
in the circumference of the circle ACK, the 
straight line AC must fall within the circle 
ACK (III. 2). 

But the circle ACK is without the circle 
ABC (Hyp.); (. 

Therefore the straight line AC is without I I then 

the circle ABC. \ / ^ShSS 

But because the two points A, C are in ^^>^^___^./ the circle 
the circumference of the circle ABC, the whicKit 

Btraight line AC falls within the circle ABC (III. 2); which »*»««^ 
is absurd. . ' 

Therefore one circle cannot touch another externally in 
more points than one. 

And it has been shown that one circle catinot touch an- 
other internally in more points than one. 

Therefore, one circle, &c. Q.E,D, 

t^roposition 14.— Theorem* 

Equal straight lines in a circle are equaUy distant /rofn the 
centre; and, conversely, tJwse which are equally distant from 
the centre are equal to one another. 

■■■•Ni""*'' « 

Let the straight lines AB, CD, in the circle ABD0> be 
equal to one another. 

Then they shall be equally distant from the fcentr©. 

Construction. — Take E, the centre of the dircle A]fel)C 
(III. 1). 

From E draw EF, EG, iiei-peniiiculars to AB, CD (I. 12). 

Join EA, EC. 

Proof. — Because tlie sti-aight line EF, passing through 
the centre, cuts the straight line AB, which does not pass 
through the centre, at right angles, it also bisects it (III. 3). 

Therefore AF is equal to FB, and AB is double of AF. 

For the like reason CD is double of CG. 
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AFsCGi But AB is equal to CD (Hyp.); therefore AF is equal to 
CG (Ax. 7). 

And because A£ is equal to CE, the square on AE is 
equal to the square on CE. 

But the squares on AF, FE are equal to 
the square on AE, because the angle AFE 
is a right angle (I. 47). 

For the like reason the squares on CG, 
GE are equal to the square on CE ; 
AF^fFEi VI y Therefore the squares on AF, FE 

= coa 4- ^S^ ^^ are equal to the squares on CG, GE 

(Ax. 1). 

But the square on AF is equal to the square on CG, 
because AF is equal to CG; 

Therefore the remaining square on FE is equal to the 
remaining square on GE (Ax. 3) ; 
.•.EF=Ea. And therefore the straight line EF is equal to the straight 
line EG. 

But straight lines in a circle are said to be equally distant 
from the centre, when the perpendiculars drawn to them 
from the centre ai*e equal (III. Def. 4) ; 

Therefore AB, CD are equally distant from the centre. 
Conversely, let the straight fines AB, CD be equally dis- 
tant from the centre, that is, let EF be equal to EG; 
Hero Then AB shall be equal to CD. 

and"^ Proof. — The same construction being made, it may bo 
At^+^F" demonstrated, as before, that AB is double AF, and CD 
EOS. ^ double of CG, and that the squares on EF, FA are e-^ual to 
the squares on EG, GC. 

But the square on EF is equal to the square on EG, 
Iccause EF is equal to EG (Hyp.); 

Therefore the remaming square on FA is equal to the 
remaining square on GC (Ax. 3), 
.♦. AF = And therefore the stmight line AF is equal to the straight 
CO, &c. line CG. 

But AB was shown to be double of AF, and CD double 
ofCG; 

Therefore AB is equal to CD (Ax. C); 
Therefvi'e, equal straight lines, 4c. Q.E,D. 
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Proposition 15.— Theorem. 

TJie diameter is tlie greatest straight line in a circle; atid, 
of all others, tliat which is nearer to the centre is always greater 
thanrone rnore remote; and tlie greater is nearer to tlie centre 
than the less. 

Let ABCD be a circle, of which AD is a diameter, and E 
the centre ; and let BC be nearer to the centre than FG. 

Then AD shall be greater than any straight line CB, 
which is not a diameter; and BC shall be greater than FG. 

Construction. — From the centre E draw EH, EK per- 
pendiculars to BC, FG (I. 12), and join 
EB, EC, EP. 

Proof. — Because AE is equal to BE, 
and ED to EC, 

Therefore AD is equal to BE, EC. \ WTX j or "*" 

But BE, EC are greater than BC \ \\ / ^^^» 

(I. 20) ; 

Therefore also AD is greater than BC. 

And because BC is nearer to the centre than PG and 
(Hyp.), EH is less than EK (III. Def. 5). eh<ek. 

But, as was demonstrated in the preceding proposition, . ^^^ 
BC is double of BH, and FG double of FK, and the squares ehs+hb* 
on EH, HB are equal to the squares on EK, KF. ^j|^* + 

But the square on EH is less than the square on EK, 
because EH is less tlian EK; 

Therefore the square on HB is greater than the square on 
KF, and the straight line BH greater than FK; hb>-fk. 

And therefore BC is greater than FG. 

Conversely, let BC be greater than FG. 

Then BC shall be nearer to the centre than FG, that is, 
the same construction being made, EH shall be less than EK. 

Proof. — Because BC is greater than FG, BH is greater 
thanPK 

But the squares on BH, HE are equal to the squares on 
FK, KE; 

And the square on BH is greater than the square on FK, 
because BH is greater than FK; 

Therefore the square on HE is less than the square on 
^E, and the straight Une EH less than EK; 
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And therefore BO ia nearer to the centre than FG (Til. 
def. 5). 

Therefore, the diameter, &c. Q,E,D. 



Take any 
iK»htt F in 
AE, 



then 

I>F > DA 
and.*. > 
DC. 



DrawDH 
at rigrht 
angrles to 
IIQ, then 
DH <: DA, 
and ,\ < 
DK. 



Proposition 16. — Theorem. 

TJie straigJbt line drawn at right aiigles to the diame'.er of a 
eircleffrom the extremiti/ of it, /alls witJiout tJie circle; and a 
straight line^ making an acute angle with the diameter at its 
extremity^ cuts the circle. 

Let ABC be a circle, of which D ia the centre, and AB a 
diameter, and AE a line drawn from A perpendicular to 
AB. 

The straight line AE shall fall without the circle. 
Construction, — ^In AE take any point F; join DF, and 
let DF meet the circle in C. 

Proof. — Because DAF is a nght angle, 
it is greater than the angle AFl3 (I. 1 7) ; 
Therefore DF ia greater than DA 
(I. 19). 

But DA is equal to DC; therefore DF 
is greater than DC. 

Therefore the point F ia without tho 

circle. 

In the same manner it may be shown that any other ]X)int 
in AE, except the point A, is without the ciixle. 
Therefore AE falls without the cii-cle. 
Again, let AG make with the diameter the angle DAG 
less than a right angle. 

The line AG shall fall within the circle, and hence cut it. 

Construction. — From D di-aw DH at 
right angles to AG, and meeting the cir- 
cumference in K (I. 12). 

Proof. — Because DHA is a right angle, 
and DAH less than a right angle; 

Therefore the side DH is less ihr^ tho 
side DA (I. 19). 

But DK is equal to DA; therefore DH 
is less than DK. 
Therefore the point H i^ within the circle. 





moposiTiONs. 95 

Theroforo tlie stralglit lino AG cuts the circle. 
Therefore, the straight line, <kc. Q,E,D. 

Corollary. — From this it is manifest that the straight 
line which is drawn at light angles to the diameter of a 
circle, from the extremity of it, touches the circle (III. Def. 
2) ; and that it touches it only in one pointy because if it did 
meet the circle in two points it would fall within it (III. 2). 
Also it is evident that there can be but one straight line 
which touches the circle in the same point. 

Proposition 17.— Problem. 

To draw a straight line from a given pointy either witlumt 
or in t/ie circun^fereiice, which s/udl totich a given circle. 

Eirst, let the given point A bo without the given circle 
BCD. 

It is required to draw from A a straight line which shall 
touch the given circle. 

Construction. — ^Find the centre E of the circle (III. 1), 
andjoinAE. 

From the centre E, at the distance 
EA, describe the circle AFG. 

From the point D draw DF at right 
angles to EA (I. 11), and join EBF 
and AB. 

Then AB shall touch tlie circle BCD, 

Proof. — ^Because E is the centre of 

the circles AFG, BCD, EA is equal to ^"^ ^ ea ed re- 

EF, and ED to EB: speJjtiveijr 

Therefore the two sides AE, EB are equal to the two sides ijld / e 
FE, ED, each to each; common; 

And the angle at E is common to tho two triangles AEB, 
FED; 

Therefore the base AB is equal to the base FD, and the 
triangle AEB to the tiiangle FED, and the other angles to 
the other angles, each to each, to which the equal sides are 
Oj^posite (I. 4); . ^ ^^g 

Therefore the angle ABE is equal to tho angle FDE. *= / fdb 

But tho angle FDE is a right angle (Const.); l^^ 
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Therefore the angle ABE is xi right angle (Ax. 1). 
And EB is drawn from the centre (Const.) 
But the straight line drawn at right angles to a diameter 
of a circle, from the extremity of it, touches the circle (III, 
16, cor.); 
••. AB Therefore AB touches the circle, and it is drawn from the 

L"d"ia. given point A. . , . , . , 

Next, let the given point be in the circumference of the 

circle, at the point D. 

Draw DE to the centre E, and DF at right angles to DE; 

Then DF touches the circle (III. 16, cor.) 

Therefore, from the given points A and D, straight lines, 

AB and DF, have been drawn, touching the given circle 

BCD. Q,E,F. 

Proposition 18.— Theorem. 

If a straight line touch a circle, Ute straight line drawn 
from the centre to the point of contact sJiaU he perpendicular 
to the line toiLching the circle. 

Let the straight line DE touch the circle ABC in the 
point C; take the centre F (III. 1), and draw the straight 
line FO. 

FC shall be perpendicular to DE. 
If not, sup- Construction. — For, if not, let FG be drawn from the 
jl^rpeiidi. ^ point F perpendicular to DE, meeting 

cular, y^ ^\ the circumference in B. 

Proof. — Because FGC is a right angle 
F \ (Hyp.), FCG is an acute angle (I. 17), 

and to the greater angle the gi'eater side 
is opposite (I. 19); 

Therefore FC is greater than FG. 

Th.„ »u* .- - . "^ , ^"* ^^ ^ ^^^t** ^? > therefore FB 

fB>FO. IS greater than FG; the part greater than the whole, which 

is impossible. 

Therefore FG is not perjjendicular to DE. 

In the same manner it may be shown that no other straight 
line from F is. perpendicular to DE, but FC; therefore FO 
is perpendicular to DE. 

Therefore, if £t straight line, ica, Q,KZ>, 
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Proposition 19.— Theorem. 

If a straigJU line touch a cirde, and from the point of con- 
tact a straight line be drawn at right angles to the touching 
line, tlie centre of the circle sJwM he in that line. 

Let the straight line DE touch the circle ABC in C, and 
from C let CA be drawn at right angles to DE, 

The centre of the circle shall be in CA. 

Construction. — ^For, if not, if possible, let F be the centre, 
and join CF. 

Proof. — Because DE touches the circle 
ABC, and FC is di*awn from the assumed 
centre to the point of contact. 

Therefore FC is perpendicular to DE 
(III. 18); 

Therefore FCE is a right angla -^ 5 B 

But the angle ACE is also a right angle (Const.); 

Therefore &e angle FCE is equal to the angle ACE; the 
less to the greater, which is impossible. 

Therefore F is not the centre of the circle ABC. 

In the same manner it may be shown that no other point 
which is not in CA is the centre; therefore the centre is in 
CA. 

Therefore, if a straight line, &c. Q,KD, 

Proposition 20.— Theorem. 

The angle at lite centre of a circle is double of tJve angle at 
the circumference^ upon the same base, that is, upon the same 
arc. 

Let ABC be a circle, and BEC an angle 
at the centre, and BAC an angle at the cir- 
cumference, which have the same arc BC 
for their base. 

The angle BEC shall be double of the 
angle BAG. 

Case I. — First, let the centi-e E of the 
circle be within the angle BAC. 

Construction. — Join AE, and produce it to the circum^ 

ference in F. 

a 



If not, 
Uke F the 
centre, out 
of the line. 



Then 
zACE-s 
ZFCE, 
beiner right 
angl«8. 
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JL BEPss 
/. EAB + 
Z EBA 
s=2zEAB, 
and 80 L 
FEC = 
2z EAC. 

/.ZBEC 
K:2^BAa 



i. FEC = 
2 2 EAC, 
and I PER 
b2z cab. 



/. taking 
the differ- 
ence 
I. BEC=3 

g^BAa 




Z BFD = 
8 A BAD, 



Pboof. — ^Because EA ia equal to £B, the angle EA£ ia 
equal to the angle EBA (I. 5); 

Therefore the angles EAB^ EBA ore double of the angle 
EAB. 

But the angle BEF ia equal to the angles EAB^ EBA 
(I. 32); 

Therefore the angle BEF is double of the angle EAB. 
For the same reason the angle EEC is double of the angle 
EAC. 

Therefore the whole angle BEG is double of the whole 
angle BAG. 

Case II. — Next, let the centre E of the 
circle be without the angle BAG. 

Construction. — Join AE, and produce it 
to meet the circumference in F. 

Proof. — ^It may be demonstrated, as in 
the first case, that the angle FEG is double 
of the angle FAG, and that FEB, a part of 
FEG, is double of FAB, a part of FAG; 
Therefore the remaining angle BEG is double of the re- 
maining angle BAG. 

Therefore, the angle at the centime, dbc. Q,E,D^ 

Proposition 21.— Theorem. 

T!ie angles in the same segment of a circle are equal to one 
another. 

Let ABGD be a circle, and BAD, BED angles in the same 
segment BAED. 

The angles BAD, BED shall be equal to one another. 

Case I. — First, let the segment BAED 
be greater than a semicircle. 

Construction. — Take F, the centre of the 
circle ABCD (III. 1), and join BF, DF. 

Proof. — Because the angle BFD is at the 
centre, and the angle BAD at the circum- 
ference, and that they have the same arc for 
their base, namely, BCD; 
Therefore the angle BFD is double of the angle BAD 
(III. 20). 
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/. I BAD 
= ^BED. 



For the same reason, the angle BFD is double of the angle and 

^EI^; 4 ^ 2 L BED. 

Therefore the angle BAD is equal to the 
angle BED (Ax. 7). 

Case n. — ^Next, let the segment BAED 
be not greater thad a semicircle. 

Construction. — Draw AF to the centre, 
and produce it to C, and join CK 

Proof. — ^Then the segment BADC is 
greater than a semicircle, and therefore the angles BAG, 
BEG in it are equal by the first case. 

For the same reason, because the segment GBED is greater and 
than a semicircle, the angles CAD, CED are equal. j ced.~ 

Therefore the whole angle BAD is equal to the whole .% z bad 
angle BED (Ax. 2). =^ ^^• 

Therefore, the angles in the same segment, i&c. Q,E,D^ 




/ BAC = 

Z BEC. 



Proposition 22.— Theorem. 






The opposite angles of any qiLodriUUeral figure inscribed in 
a circle are together equal to two right angles. 

Let ABGD be a quadrilateral figure inscribed in the circle 

Any two of its opposite angles shall be together equal to 
two right angles. ^ 

Construction. — Join AG, BD. 

Proof.— Because the three angles of 
every triangle are together equal to two 
right angles (I. 32), 

The three angles of the triangle GAB, 
namely, GAB, AGB, ABC, are together 
equal to two right angles. 

But the angle GAB is equal to the angle 
CDB, because they are in the same seg- 
ment GDAB (III. 21); 

And the angle AGB is equal to the angle ADB, because 
they are in the same segment ADGB ; 

Therefore the two angles GAB, AGB are together equal to 
the whole angle ADC {Ax, 2). 




Z CAB + 
Z ACB + 
Z ABC = 
2 right 
angles, 
llie first 
two toge- 
ther = 
2 CDB + 
Z ADB=s 
Z ADC. 
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To each of tliese equals add the angle ABC; 
Therefore the three angles CAB, ACB, ABC are equal to 
the two angles ABC, ADC, 

But the angles CAB, ACB, ABO are togetlier equal to 
two right angles (I. 32); 
.*. z ADC Therefore also the angles ABC, ADC are together equal 
= 2 rigS? to two right angles. 

9iagWa, In like manner it may be shown that the angles BAD, 

BCD are together equal to two right angles. 
Therefore, the opposite angles, <S^. Q,E.D. 

Proposition 23.— Theorem. 

Upon the same straight line, and on the same side of it, thei*B 

cannot he two similar segments of circles not coinciding with 

one another. 

If poosibie. If it be possible, on the same straight line AB, and on 

the same side of it, let there be two similar segments of 

circles. ACB, ADB not coinciding with 
one another. 

Construction. — Then, because the circle 
ACB cuts the circle ADB in the two points 
A, B, they cannot cut one another in any 
other point (III. 10); 

Therefore one of the segments must fall 
within the other. 
Let ACB fall within ADB; draw the straight line BCD, 
md join AC, AD. 

Pboop. — ^Because the segment ACB is similar to the seg- 
ment ADB (Hyp.), and that similar segments of circles 
contain equal angles (III. Def. 11); 
exterior Therefore the angle ACB is equal to the angle 
intoriOT'* ADB; that is, the exterior angle of the triangle ACD, 
wjdoppo- equal to the intOTor and opposite angle; which is impoa- 
^APC. Bible (I. 16). 

Therefore, there cannot be two sinular segments of circles 
on the same straight line, and on tho same side of it^ which 
, do not coincide. Q.E,J), 
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Proposition 24. — Theorem. 

Similar segments of circles upon equal straiglU lines are 
equal to one another. 

Let AEB, CFD be similar segments of circles upon tlie 
equal straight lines AB, CD. 

The segment AEB shall They are 

be equal to the segment ^^-'^--v. ^ ^ gj^* 

CFD, X >^ X J^ they must 

Proof.— For if the seg-i b c d ^^^^%y 

ment AEB be applied to the 

segment CFD, so that the point A may be on the point C, 

and the straight line AB on the straight line CD, 

Then the point B shall coincide with the point D, because 
AB is equal to CD. 

And die straight line AB coinciding with CD, the seg- 
ment AEB must coincide with the segment CFD (III. 23); 
and is therefore equal to it. 

Therefore, similar segments, &c. Q.KD. 

Proposition 26.— Problem. 

A segment of a circle being given, to describe the circle of 
lohich it is the segment. 

Let ABO be the given segment of a circle. 

It is required to describe the circle of which ABO is a 
segment. 

Construction. — Bisect AC in D (I. 10). 

From the point D di-aw DB at right angles to AC (L 11), 
and join AB. 






Case I. — First, let the angles ABD, BAD be equa] to 
one another. 

Tlien D shall be the centre of tlte circle required* 
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When 

ZBAD, 
DA = DB 



and 
.-. Dthe 

<;entre. 



Make 
z BAG 
Z ABD. 



.-. EA 
EC 



andEAs 
EC. 



.'. EA = 
£B = EC, 

and there- 
fore £ is 
the centre. 



Proof. — ^Because the angle ABD is equal to the angle 
BAD (Hyp.); 

Therefore DB is equal to DA (I. 6). 

But DA is equal to DC (Const.); 

Therefore DB is equal to DC (Ax. 1). 

Therefore the three straight lines DA^ DB^ DC are all 
equal; - 

And therefore D is the centre of the pircle (ill. 9). 

Hence, if from the centre D, at the distance of any of tho 
three lines, DA, DB, DC a circle be described, it will pass 
through the other two points, and be the circle required. 

Cass II. — Next, let the angles ABD, BAD be not equal 
to one another. ^."».— .^ 

Construction. — ^At the point A, in the straight line AB, 
make the angle BAE equal to the angle ABD (I. 23); 

Produce BD> if necessary, to E, and join EC. 

Then E aJuiU he the centre of the circle required. 

Proof. — Because the angle BAE is equal to the angle 
ABE (Const.), EA is equal to EB (I. 6). 

And because AD is equal to CD (Const.), and DE is com- 
mon to the two triangles ADE, CDE, 

The two sides AD, DE are equal to the two sides CD, 
DE, each to each; 

And the angle ADE is equal to the angle CDE, for each 
of them is a right angle (Const.) ; I 

Therefore the base EA is equal to the base EC (I. 4). 

But EA was shown to be equal to EB; 

Therefore EB is equal to EC (Ax. 1). 

Therefore the three straight lines EA, EB, EC are all 
equal; 

And therefore E is the centre of the circle (III. 9). 

Hence, if from the centre E, at the distance of any of the 
three lines EA, EB, EC, a circle be described, it will pass 
through the other two points, and be the circle required. 

In ihe first case, it is evident that, because the centre D 
is in AC, the segment ABC is a semicircle. 

In the second case, if tlie angle ABD be greater than 
BAD, the centre E falls without the segment ABC, which is 
therefore less than a semicircle; 

But if the angle ABD be less than the angle BAD, tho 
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centre E falls witlim tlie segment ABO, which is therefore 
greater than a semicircle. 

Therefore, a segment of a circle being given, the circle has 
been described of which it is a segment. Q,E,F, 

Proposition 26.— Theorem. 

In equal circlea, equal angles atamd upon equal arcs, loketkef 
they be at the centres or at the circumferences. 

Let ABC, DEF be equal circles, having the equal angles 
BGC, EHF at their centres, and BAG, EDF at their cii^ 
cumferences. 

The arc BEG shall be equal to the arc ELF. 

Construction. — Join BC, EF. 

Proof. — Because the circles ABC, DEF are equal (Hyp.), 
the straight lines from their centres are equal (IIL def. 1); 

Therefore the two sides BG, GG are equal to the two sides Triangica 
EH, HF, each to each; ^^ 

And the angle at G is equal to the angle at H (Hyp.); equal in 

Therefore the base Bd is equal to the base EF (I. 4). spScf.'^*' 

And because the angle at A is equal to the angle at D 

(Hyp.), 




Tho segment BAG is similar to the segment EDF (IIL ,\wg' 

rlpf n^ mentsBAO 

Ciei. 11), ^ ^ and EDF 

And they are on equal straight lines BC, EF. are similar 

But similar segments of circles on equal straight lines are equai^ 
equal to one another (III. 24); straight 

Therefore the segment BAG is equal to the segment EDF. .-. aria 
But the whole circle ABC is equal to the whole circle ***"*^ 

DEF (Hyp.) j 

Therefore the remaining segment BKG is equal to tho 
remaining segment ELF (Ax. 3). 



• • 
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BK(r= Therefore the arc BKC is equal to the arc ELF. 

taeiSiUF. Therefore, in equal circles, <kc. Q.E,D, 



Proposition 27.— Theorem. 

In equal circles^ tlie angles which standtupon equal arcs are 
equal to one another , whether they he at the centres or at the 
circurnferences. 

Let ABC, DEF be equal circles, and let the angles BGC, 
EHF, at their centres, and the angles BAG, EDF, at their 
circumferences, stand on equal arcs BG, EF. 

The angle BGG shall be equal to the angle EHF, and the 
angle BAG equal tp the angle EDF. 




Construction. — If the angle BGC be equal to the angle 
EHF, it is manifest that the angle BAG is also equal to the 
angle EDF (III 20, ax. 7). 

But, if not, one of them must be the greater. Let BGG 
If one z is be the greater, and at the point G, in the straight line 
fhSilh. ^G^, make the angle BGK equal to the angle EHF 

other, the (L 23). 

spending pROOP. — Because the angle BGK is equal to the angle 
tre^cr FHF, and that in equal circles equal angles stand on equal 
arcs, when they are at the centres (III. 26); 
Therefore the arc BK is equal to the arc EF. 
But the arc EF is equal to the arc BG (Hy|).) ; 
Therefore the arc BK is equal to the arc BG (Ax. 1); the 
less to the greater, which is impossible. 

Therefore the angle BGG is not unequal " to the angle 
EHF; that is, it is equal to it 

And the angle at A is half of the angle BGG, and the 
angle at D is half of the angle EHF (III. 20); 
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Therefore tlie angle at A is equal to the angle &t D 
(Ax. 7). 

Therefore, in equal circles, &c Q,E,D. 

Proposition 28.— Theorem. 

In equal circles, equal chorda cut off equal arcs, the grealer 
equal to the greater, and the less equal to the less. 

Let ABC, DEF be equal circles, and BC, EF equal chords 
in them, which cut off the two greater arcs BAG, EDF, and 
the two less arcs BGC, EHF. 

The greater arc BAG shall be equal to the greater 
arc EDF, and the less arc BGG equal to the less arc 
EHF. 

Construction. — ^Take K, L, the centres of the circles Take k 
(III. 1), and join BK; KC, EL, LF. ^nt^^* 





Proof. — ^Because the circles ABC, DEF are equal, their 
radii are equal (IIL def. 1). 

Therefore the two sides BK, KG are equal to the two 
sides EL, LF, each to each; 

And the base BG is equal to the base EF (Hyp.) ; 

Therefore the angle BKG is equal to the angle Triangles 

T^TTii/T o\ ^ ' ^ ^ BKCand 

But in equal circles equal angles stand on equal arcs, ©quaiin 

i. X o X. ' every ro* 

when they are at the centres (III. 26) ; specu 

Therefore the arc BGC is equal to the arc EHF. 

But the whole circle ABC is equal to the whole circle 
DEF (Hyp.); 

Therefore the remaining arc BAG is equal to the remain- 
ing arc EDF (Ax. 3). 

Therefore, in equal circles, etc. Q,E,D. 
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Proposition 29.— Theorem. 

In equal circles eqrml arcs are suhteiided hy equal chords. 

Let ABC, DEF be equal circles, and let BGO, EHF be 
equal arcs in them, and join EC, EF. 

The chord BC shall be equal to the chord EF. 
TakeK CONSTRUCTION. — ^Take K, L, the centres of the circles 

^tos!*"* (HI. 1), andjoinBK, KC, EL,LF. 





Then Proof. — Becauso the arc BGC is equal to the arc 

^Ilf"^ EHF (Hyp.), the angle BKC is equal to the angle ELF 
' (IIL 27). 

And because the circles ABC, DEF are equal (Hyp.), 
their radii are equal (IIL def. 1). 

Therefore the two sides BK, KG are equal to the two 
sides EL, LF, each to each; and they contain equal angles; 
and 8o base Therefore the base BC is equal to the base EF (L 4). 
BC = Uso Therefore, in equal circles, <fec. Q.E.D. 

Proposition SO. — ^Problem. 

To bisect a giverh arc, tluU is, to divide it into two equal 
parts. 

Let ADB be the given arc. 
It is required to bisect it. 

Construction. — Join AB, and bisect it in C (T. 10). 
From the point C draw CD at right angles to AB (I. 11), 
and join AD and DB. 

Then the arc ABD shall be bisected in the 
^D^ point D. 
j^ /^^ >X Proof. — Because AC is equal to CB 

...6.^-^6 ^— J — ^ (Const), and CD is common to the two tri- 

itndCDD, A c « angles ACD, BCD; 



In the trio 
anglesADO 



base AD: 
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The Wo Bides AO, CD are equal to the two sides BC, CD, 
each to each; 

And the angle ACD is equal to the angle BCD, because 
each of them is a right angle (Const.); 

Therefore the base AD is equal to the base BD (I. 4). SSbd.' 

But equal chords cut off equal arcs, the greater equal to 
the greater, and the less equal to the less (III. 28) ; 

^d each of the arcs AD, DB is less than a semicirclei 
because DC, if produced, is a diameter (III. 1, cor.); 

Therefore the arc AD is equal to the arc DB. 

ThereforOi the given arc is bisected in D. Q,E,F. 

Proposition 81.— Theorem. 

In a circle, the angle in a semicircle is a right angle; hvi 
ilie angle in a segment greater tJiam, a semicircle is less than a 
right angle; and the angle in a segment less than a semicircle 
is greater than a right angle. 

Let ABC be a circle, of which BC is a diameter, and E 
the centre; and draw CA, dividing the circle into the seg- 
ments ABC, ADC, and join BA, AD, DC. 

The angle in the semicircle BAC shall be a right angle; 

The angle in the segment ABC, which is greater than a 
semicircle, shall be less than a right angle; 

The angle in the segment ADC, which is less than a semi- 
circle, shall be greater than a right angle. 

Construction. — Join AE, and produce BA to F. 

Proof. — Because EA is equal to EB ^I. Def. 15), 

The angle EAB is equal to the angle 
EBA (I. 5); 

And, because EA is equal to EC, 

The angle EAC is equal to the angle 
EC A; 

Therefore the whole angle BAC is equal // \ NJ\ ^ |^g + 
to the two angles ABC, ACB (Ax. 2). ^T e 1° or ' _ 

But F AC, the exterior angle of the tri- V / ^abc + 

angle ABC, is equal to the two angles \^ ^y^ ^ acb = 
ABC, ACB (I. 32). an/.'^^a 

Therefore the angle BAC is equal to the angle FAC '^v^i'anfc'i®- 
(Ax. 1), 
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And therefore each of them is a right angle (1. Def. 10); 
Therefore the angle in a semicircle BAG is a right angle. 
And because the two angles ABC, BAG, of the triangle 
ABC, are together less than two right angles (I. 17), and 
that BAG has been shown to be a right angle; 
.'. I ABC Therefore the angle ABC is less than a right angle, 
imrfe^^*^' Therefore the angle in a segment ABC, greater than a 
semicircle, is less than a right angle. 

And, because ABGD is a quadrilateral figure in a circle, 
any two of its opposite angles are together equal to two right 
angles (III 22) ; 

Therefore the angles ABC, ADC are together equal to two 
right angles. 

But the angle ABO has been shown to be less than a right 
angle; 
Hence Therefore the angle ADC ii greater than a right angle; 

^ AP? ^ Therefore the angle in a segment ADC, less than a semi-* 

ft nflrnt o o » 

ftncrle, by circle, is greater than a right angle. 
Prop. 82. Therefore, the angle, &c. Q.E.D. 

Corollary. — ^From this demonstration it is manifest that, 
if one angle of a triangle be equal to the other two, it is a 
right angle. 

For the angle adjacent to it is equal to the same two 
angles (I. 32). 

And, when the adjacent angles are equal, they are right 
angles (I. def. 10). 

Proposition 32.— Theorem. 

The attgles contained hy a tangent to a cif'cle and a chord 
dravmfrom the point of contact are equal to the angles in the 
altemate segments of the circle. 

Let EF be a tangent to the circle ABGD, and BD a chord 
drawn from the point of contact B, cutting the circle. 

The angles which BD makes with the tangent EF shall 
be equal to the angles in the altemate segments of the circle; 

That is, the angle DBF shall be equal to the angle in the 
segment BAD, and the angle DBE shall bo equal to the 
angle in the segment BCD. 
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CoNSTRUCrriON. — ^From the point B draw BA at right 
angles to EF(L 11). 

Take any point C in the drcumference 
BD, and join AD, DC, CB. 

Proof. — ^Because the straight line EF 
touches the circle ABCD at the point B 
(Hyp.), and BA is drawn at right angles 
bo the tangent from the point of contact 

B (Const.), ______^ 

The centre of the circle is in BA (IIL E b "^ 5 The centra 

19). isinBA. 

Therefore the angle ADB, being in a semicircle, is a right .*. adbis 
angle (IIL 31). l^ 

Therefore the other two angles BAD, ABD are equal to a •"^ . -. 
right angle (I. 32). i abd = 

But ABF is also a right angle (Const) ; J^^f^* 

Therefore the angle A^F is equal to the angles BAD, ABD. = abp. 

From each of these equals take away the common angle ABD ; 

Therefore the remaining angle DBF is equal to the re- -j ^ bad 
maining angle BAD, which is in the alternate segment of "" 
the circle (Ax. 3). 

And because ABCD is a quadrilateral figure in a circle, 
the opposite angles BAD, BCD are together equal to two Also 
right angles (III. 22). z BAoi 

But tiie angles DBF, DBE are together equal to two 2rijcht '* 
right angles (I. 13); *»«^^ 

Therefore the angles DBF, DBE are together equal to 

the angles BAD, BCD. 

And the angle DBF has been shown equal to the angle = z dbf 
BAD; • ^=» +ZDBE. 

Therefore the remaining angle DBE is equal to the angle . ^ jj^j. 
BCD, which is in the alternate segment of the circle (Ax. 3). ^ / sen. 
Therefore, the angles, &c. Q*KD, 

Proposition 33.— Problem. 

Upon a given straight line to describe a segment of a circle^ 
containing an angle equal to a given rectilineal angle* 
' Let AB be the given straight line, and C the given recti* 
lineal angle. 
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It is required to describe, on the given straight line AB, a 
segment of a circle, containing an angle equal to theangleC. 

Cajse I. — ^Let the angle be a right 
angle. 

Construction. — Bisect AB in F 
(I. 10). 

From the centre F, at the distance 
FB, describe the semicircle AHB. 
TJien AHB shall be the segment required. 
Angle in a Proof. — Because AHB is a semicircle, the angle AHB 
iaTSehi ^ ^^ ^ ^ ^S^* angle, and therefore equal to the fingle C 

angle.*" (HI. 31). 

Case II. — Let C be not a right angle. 
At point A " Construction. — At the point A, in the straight line AB, 
hAiy^C; niake the angle BAD equal to the angle C (I. 23). 





imd dra\r 
AEatri^ht 
finglea to 
AD. 

From F, 
middle of 
AB, drav 
perpendi' 
cular, , 
meeting 
AEiuQ. 



Then 
G is the 
centre of a 
circle pass- 



ing 



through A 
andB, 



From the pomt A draw AE at right angles to AD (I. 11). 

Bisect AB in F (I. 10). 

From the point F draw FG at right angles to AB (I. 11), 
and join GB. 

Because AF is equal to BF (Const.), and FG is common 
to the two triangles AFG, BFG; 

The two sides AF, FG are equal to the two sides BF, FG, 
each to each; 

And the angle AFG is equal to the angle BFG (Const.); 

Therefore the base AG is equal to the base BG (I. 4). 

And the circle described from the centre G, at the dis- 
tance GA, will therefore pass through the point B. 

Let this circle be described; and let it be AHB. 

T/ie segment AHB shall contain an angle equal to the given 
rectilineal angle (7. 
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Proof. — Because from the point A, tte extremity of the And ad 

liameter AE, AD is drawn at right angles to AE (Const.); the drde 
Therefore AD touches the circle (III. 16, cor.) 
Because AB is drawn from the point of contact A, the 

angle DAB is equal to the angle in the alternate segment 

AHB (III. 32). 

But the angle DAB is equal to the angle C (Const.) ; and ;. i 

Therefore the angle in the segment AHB is equal to the *^ ^^b S 

angle C (Ax. 1). c. 

Therefore, on the given straight line AB, the segment 

AHB of a circle has been described, containing an angle 

equal to the given angle C. Q,E,F. 

Froposition 84.— Problem. 

From a given circle to cut off a segment which shall contain 
an angle equal to a given rectilineal angle. 

Let ABC be the given circle, and D the given rectilineal 
angle. 

It is required to cut off from the circle ABC a segment 
that shall contain an angle equal to the angle D. 

Construction. — Draw the straight line EF touching the Draw tan- 
circle ABC in the point B (III, ^ ^ gentEBF, 

And at the point B, in the 

straight line BF, make the angle j. / I \ /P make 




FBC equal to the angle D (I. 23). \ \ // ^^^^^ 

Then the segment BAG shall 
contain an angle eqiLol to the 
given angle D, 

Proof. — Because the straight line EF touches the circle 
ABC, and BC is drawn from the point of contact B (Const.); 

Therefore the angle FBC is equal to the angle in the alter- 
nate segment BAC of the circle (III. 32). 

But the angle FBC is equal to the angle D (Const.); 

Thei'efore the angle in the segment BAC is equal to the •% ^ bao 
angle D (Ax. 1). z',T 

Therefore, from the given circle ABC, the segment BAC 
lias been cut off, containing an angle equal to the given 
angle D. Q,E.F, 
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AB ?a £C« 



BE-ED + 
EF« = 
FB« = 
APS=s 
AE« + 
EF«. 



.•. BE'ED 
= AES = 
AEEO. 




Proposition 86.— Theorem. 

If two straight lines toithin a circle cut one anotJier, iJie 
rectangle contained by the segments of one of them shall be 
equal to the rectangle contained by Hie segments of the other. 

Let the two straight lines AC, BD cut one another in the 
point E, within the circle ABCD. 

The rectangle contained by AE and EC shall be equal to 
the rectangle contained bj BE and ED. 

Case I. — Let AC^ BD pass each of them 
through the centre. » - 

Proof. — Because E is the centre, EA, EB, 
EC, ED are all equal (L def. 15); 

Therefore the I'ectangle AE, EC is equal 
to the rectangle BE, ED. 
Case II. — Let one of them, BD, pass through the centre, 
and cut the other, AC, which does not pass through tho 

centre, at right angles, in the point E. 

Construction. — Bisect BD in F, then 
F is the centre of the circle; join AF. 

Proof. — Because BD, which passes 
through the centre, cuts AC, which does 
not pass through the centre, at right angles 
in E (Hyp.); 

Therefore AE is «qual to EC (IIL 3). 
And because BD is cut into two equal 
parts in the point F, and into two un- 
equal parts in the point E, 
The rectangle BE, ED, together with the square on EF, 
is equal to the square on FB (II. 5); that is, the square on 
AF. 

But the square on AF is equal to the squares on AE, EF 
(I. 47); 

Therefore the rectangle BE, ED, together with the square 
on EF, is equal to the squares on AE, EF (Ax. 1). 
Take away the common square on EF; 
Then the remaining rectangle BE, ED is equal to tho 
remaining square on AE; that is, to the rectangle AE, EC, 
since AE is equal to EC. 
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Case III. — ^Let BD, which passes through the centre, cut 
the other AC, which does not pass through 
the centre, in the point E, but not at 
right angles. 

Construction. — Bisect BD in F, then 
F is the centre of the circle. 

Join AF, and from F draw FG perpen- j^ 
dicular to AC (I. 12). 

Proof. — ^Then AG is equal to GC 
(III. 3). 

Therefore the rectangle AE, EC, together with the square 
on EG, is equal to the square on AG (II. 5). 

To each of these equals add the square on GF; 

Tlien the rectangle AE, EC, together with the squares on 
EG, GF, is equal to the squares on AG, GF (Ax. 2). 

But the squares on EG, GF are equal to the square on EF; 

And the squares on AG, GF are equal to the square on 
AF (T. 47). 

Therefore the rectangle AE, EC, together, with the square 
on EF, is equal to the square on AF; that is, the square on FB. 

But the square on FB is equal to the rectangle BE, ED, 
together with the square on EF (II. 6) ; 

. Therefore the rectangle AE, EC, together with the square 
on EF, is equal to the rectangle BE, ED, together with the 
{jquare on EF. 

Take away the common square on EF; 

And the remaining rectangle AE, EC is equal to the 
remaining rectangle BE, ED (Ax. 3). 

Case IY. — Let neither of the straight 
lines AC, BD pass through the centre. 

Construction. — Take the centre F / Xp JID 

(III. 1), and through E, the intersection 
of the lines AC, BD, draw the diameter ^ 
GEFH. 

Proof. — ^Because the rectangle GE, 
EH is equal, as has been shown, to thd 
rectangle AE, EC, and also to the rectangle BE, ED; 

Therefore the rectangle AE, EC is equal to the rectangle 
BE, ED (Ax. 1). 

Therefore, if two straight lines, <fec Q.E,D, 

H 



Bisect BD 
ill F the 
centre. 
Draw Fa 
at right 
angles to 
AC. 

.•.Aa = 

GC. 

Now, 
AEEC + 
EQS 
= Aa3. 



.'. AEEC 

+EPi = 
AF2 = FBS 
= BE-ED 

+ EF2. 



.% AEEC 
= BEED. 




Atrain, 
GEEH = 
AE'ECand 
= BEED, 
as Just 
shown. 



.*. AE'EC 
= BE-ED. 
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ADDC + 
ECa = 
ED2. 



••. ADDC 
+ EBS = 
BD2+EB9. 



.•.AD-DC 
= JBD2. 



Draw EP 
perpendi- 
cular to 
AC. 



Proposition 36.— Theorem. 

If from a point mtJwut a circle two strai^fht lines he drawrif 
one of which cuts the circle, and the other touclies it; the recU 
angle contahied by tJie wlioh line which cuts the circle, and the 
part of it without tlie circle, shall be equal to t/ie sqtcare on the 
line which touches it. 

Let D be any point -witliout the circle ABC, and let DCA, 
DB be two straight lines di-awn from it, of which DCA cuts 
the circle, and DB touches it. 

The rectangle AD, DC shall be equal to the square on DB. 

Case I. — ^Let DCA pass through tho 
J centre E, and join EB. 

/ Proof. — Then EBD is a right angle 

/c (™-^^)- 

A --S. And because the straight line AC is 

^/"^ N. bisected in E, and produced to D, the rect- 

T^v. \ angle AD, DC, together with the square ou 

j ^^ E J EC, is equal to the square on ED (II. 6). 

\ / But EC is equal to EB; 

\ / Therefore the rectangle AD, DC, together 

\^_ ^^^.^ v/ith the square on EB, is equal to the squaro 

^ on ED. 

But the square on ED is equal to the squares on EB, BD, 

because EBD is a right angle (I. 47); 

Therefore the rectangle AD, DC, together 

with the square on EB, is equal to tho 

squares on EB, BD. 

Take away the common square on EB ; 

Tlien the remaining rectangle AD, DO 

is equal to the square on DB (Ax. 3). 

Case II.— Let DCA not pass through 

the centre of the circle ABC. 

Construction. — Take tho centre E 

(IIL 1), and draw EF perpendicular to 

AC (L 12), and join EB, EC, ED. 

Proof. — Because the straight line EF, 

which passes through the centre, cuts the straight line AC, 

which does not pass through the centre, at right angles, ib 

also bisects it (III. 3); 
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Therefore AF is equal to FC. 

And because the straight line AC is bisected in F and 
produced to D, the rectangle AD, DC, together with the 
square on FC, is equal to the square on FD (II. 6). 

To each of these equals add the square on FE ; 

Therefore the rectangle AD, DC, together with the squares 
on CF, FE, is equal to the squares on DF, FE (Ax. 2). 

But the squares on CF, FE are equal to the square on CE, 
because CFE is a right angle (I. 47) ; 

And the squares on DF, FE are equal to the square on 
DE; 

Therefore the rectangle AD, DC, together with the square 
on CE, is equal to the square on DE. 

But CE is equal to BE; 

Therefore the rectangle AD, DC, together with the square 
on BE, is equal to the square on DE. 

But the square on DE is equal to the squares on DB, BE, 
because EBD is a right angle (I. 47) ; 

Therefore the rectangle AD, DC, together with the square 
on BE, is equal to the squares on DB, BE. 

Take away the common square on BE ; 

Then the remaining rectangle AD, DC is equal to the 
equare on DB (Ax. 3). 

Therefore, if from any point, <fec. Q. E. D. 

CoROLLART. — If from any point without 
a circle there be drawn two straight lines 
cutting it, as AB, AC, the rectangles con* 
tained by the whole lines and the parts of 
them without the circle, are equal to one 
another; namely, the rectangle BA, AE 
is equal to the rectangle CA, AF; for each 
of them is equal to tho square on the 
straight line AJD, which touches the circle. 



.-. AF = 
FC. 

.-. ADDO 
+ FC2 = 
FD3. 




.'. ADDO 
+ EC2 = 
DE«. 



.*. ADDb 
+ BE2 = 
DB2+BE2 

.-. ADDO 
s=DB2. 



Proposition 37*— Theorem. 

I/from a point vdthout a circle there he draimi two straight 
tines f one of which cuts the circle, and the other meets it, and if 
the rectangle contained by tJie whole line lohich cuts the circle, 
and the part of it without the circle, he equal to the square on 
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Draw DB 
touching 
fch^ circle. 



Then 
DE » DB. 



And tri- 
angles 
DBF and 
DEFaro 
equal in 
every ro- 
epect. 

/. DBF is 

aright 
an^jle ; 

and there- 
fore DB 
touches 
tho clr;le. 



tlie line which meets tlie circle, tlie line which meets the circle 
shaU toiich it. 

Let any point D be taken without the circle ABC, and 
from it let two straight lines, DCA, DB, be drawn, of which 
DC A cuts the circle, and DB meets it; and let the rectangle 
AD, DC be equal to the square on DB. 
Then DB shall touch the circle. 

Construction. — Draw the straight line DE, touching the 
circle ABC (III. 17); 

jj Find F the centre (III. 1) and join FB, 

FD, FE. 

Proof. — Then S'ED is a right angle 
(III. 18). 

And because DE touches the circle ABC, 
and DCA cuts it, the rectangle AD, DO 
is equal to the square on DE (III. 36). 

But the rectangle AD, DC is equal to 
the square on DB (H.yp.); 

Therefore the square on DE is equal to 
the square on DB (Ax. 1); 
Therefore the straight line DE is equal to the straight lino 
DB. 

And EF is equal to BF (I. Def. 15); 
Therefore the two sides DE, EF are equal to the two 
sides DB, BF, each to each ; 

And the base DF is common to the two triangles DEF, 
DBF; 

Therefore the angle DEF is equal to the angle DBF (I. 8). 
But DEF is a right angle (Const.) ; 
Therefore also DBF is a right angle (Ax. 1). 
And BF, if produced, is a diameter ; and the straight line 
which is drawn at right angles to a diameter, from the ex- 
tremity of it, touches the circle (III. 16, Cor.); 
Therefore DB touches the circle ABC. 
Therefore, if from a point, <fec. Q.E.D. 
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' EXERCISES ON BOOK III. 

Prop. 1—15. 

1. Two stvaight lines intersect. Describe a circle passing throngh 
the point of intersection and two other points, one in each straight 
line. 

2. If two circles cnt each other, any two parallel straight lines 
drawn through the points of section to cut the circumferences are 
equal. 

3. Show that the centre of a circle may be found by drawing per- 
pendiculars from the middle points of any two chords. 

4. Through a given point, which is not the centre, draw the least 
line to meet the circumference of a given circle, whether the given 
point be within or without the circle. 

5. The sum of the squares of any two chords in a circle, together 
with four times the sum of the squares of the perpendiculars on them 
from the centre, is equal to twice the square of the diameter. 

6. With a given radius, describe a circle passing through the 
centre of a given circle and a point in its circumference. 

7. If two chords of a circle are given in magnitude and position, 
describe the circle. 

8. Describe a circle which shall touch a >given circle in a given 
point, and shall also touch another given circle. 

9. If, from any point in the diameter of a circle, straight lines be 
drawn to the extremities of a parallel chord, the squares of these 
lines are together equal to the squares of the segments into which 
the diameter is divided. 

10. If two circles touch each other externally, and parallel dia« 
xieters be drawn, the straight line joining extremities of these dia* 
meters will pass through the point of contact. 

11. Draw three circles of given radii touching each other. 

12. If a circle of constat radius touch a given circle, it will 
always touch the same concentric circle. 

13. If a chord of constant length be inscribed in a circle, it will 
always touch the same concentric circle. 

14. The locus of the middle points of chords parallel to a given 
straight line is a line drawn through the centre pcrpendiculax to the 
paraUel chords. 

Prop. 16—30. 

15. Show that the two tangents from an external point are equal 
in length. 

16. Draw a'tangent to a given circle, making a given angle with a 
given straight line. 

17. If a polygon having an even numoer of sides be inscribed in a 
circle, the sums of the alterjoate angles are equali 



lid geometrV. 

18. If sncH a polygon be described about a circie, tbe Bnms of tbe 
alternate sides are each eqaal to half the perimeter of the polygon. 

19. If a polygon be inscribed in a circle, the sum of the angles in 
the segments exterior to the polygon, together with two right 
angles, is etjual to twice as many right angles as the polygon haa 
sides. 

20. Draw tho common tangents to two given circles. 

21. From a given point draw a straight line cutting a given circle, 
60 that the intercepted segment of the line may have a given length. 

22. The straight line which joins the extremities of equal arcs 
towards tho same parts are parallel. 

23. Any paraUelogram described about a circle is equilateral, and 
any parallelogram inscribed in a circle is rectangular. 

24. Two opposite sides of a quadrilateral circumscribing a circle 
touch the circle at extremities of a diameter. Show that the area of 
the quadrilateral is equal to one-half the rectanglo contained by tha 
diameter, and the sum of the other sides. 

Prop. 31—37. 

25. A tangent is drawn to a circle of 21 inches diameter from a 
point 17*5 inches from the centre. Find the length of the tangent. 

26. Show that a man 6 feet high, standing at the sea level, has a 
view of 3 miles (approximately) in every direction, along a horizontal 
plane passing through his eye. 

27. The angle between a tangent to a circle and the chord through 
the point of contact is equal to half tho angle which the chord sub- 
tends at the centre. 

28. From a given point P, within or without a circle, draw a 
straight line cutting the circle in A and B such that PA shall be 
three-fourths of PB. 

Ex. Let tho circle be of 1*5 inches radius, and point P 3*5 inches 
from its centre. Prove your construction by scale. 

29. The greatest rectangle which can be inscribed in a circle is a 
square whose area is equal to half that of the square described upon 
the diameter as side. 

30. If the base and vertical angle of a triangle remain constant in 
magnitude while the sides vary, show that the locus of the middle 
point of the base is a circle. 

31. Given the vertical angle, the differenco of tho two sides con- 
taining it, and the difference of the segments of the base made by a 
perpendicular from the vertex, to construct the triangle. 

32. Show that the locus of the middle point of a straight line, 
which moves with its extremities upon two straight lines at right 
angles to each other, is a circle. 

33. Show how to produce a straight line, that the rectangle con- 
tained by the given line, and the whole line thus produced, may be 
equal to the square of the part produced. 

Ex. If the length of the given line be 2 inches, show geometrically 
that the length of the part produced is (>/5 + 1) inches, 
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S4. Given tho height And chord of a segment of a circle to find the 
radina of the circle. 

Ex. If the chord be 24 inches, and the height of the segment be 4 
inches, show that the radius of the circle is 20 inches. 

35. Show that the locus of the middle points of chords which pass 
through a fixed point is the circle described as diameter upon the 
line joining tho fixed point and the centre of the ^ven circle. 

36. Let ACDB be a semicircle whose diameter is AB, and AD, BC 
any two chorda intersecting in F; prove that 

AB'* = PA-AP + CBBP. 
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COLLINS' SERIES OF SCHOOL ATLASES-CONTINUED. 



MODERIf GEOGRAPHY— Imperial Series. 

THE SELECTED ATLAS, consisting of i6 Maps, Imperial 410, 11 
by 1 3 inches, Stiff Cover, 



1 The Hemispheres. 

2 Europe. 
8 Asia. 

4 Africa. 

6 North America. 

6 South Aineiica. 

7 England and Wales. 

8 Scotland. 



9 Ireland. 

10 Southern and Central Europe. 

11 India. 

12 Canada. 

13 United States. 

14 Australia. 

15 New Zealand. 
10 Palestine. 



d, 
6 



THE PORTABLE ATLAS, consisting of 16 Maps, folded Imperial 
8vo, cloth lettered, 

THE ADVANCED ATLAS, consisting of '32 Maps, Imperial 4tO; 



cloth lettered, 

1 Eastern and Western Hemispheres. 

2 'Ihe World, (M creator's Projection.) 
S Europe. 

4 Asia. 

5 Africa. 

6 North America. 

7 South Anieiica. 

8 Englaud and Wales. 

9 Scotland. 

10 Ireland. 

11 France. 

12 Holland and Belgium. 

13 Switzerland. 

14 Spain and Portugal 

15 Italy. [the Baltic. | 
IG Sweden and Nonray, Dcumarlc and | 



• •• ■•• ••• ••• ^ V 

17 German Empire. 

18 Austria. 

19 Russia. 

20 Tuf l(ey in Europe, and Greece. 

21 India. 

22 Persia, Afghanistan, and Beloochis- 

23 Turkey in Asia. Itan. 

24 Chinese Empire, and Japan. 

25 Arabia, Egjpt, Nubiu, and Abys- 
20 Palestine. [siuia. 

27 Dominion of Canada. 

28 United States. 

29 West Indies and Central America. 

30 Australia. 

31 Victoria, New South Wales, and 

32 New Zealand. [South Australia. 



THE ACADEMIC ATLAS, consisting of 32 Maps, Imperial 4to, 
with a Copious Index, cloth lettered, ... ... 

THE STUDENT'S ATLAS, consisting of 32 Maps, and 6 Ancient 
Maps, with a Copious Index, Imperial 8vo, cloth lettered, 



83 Ancient Greece. 

34 Aueient Human Empire. 

35 Britain under the Romans. 
30 liritain under the Saxons. 



37 Historical Map of the British Is- 

lands from A.D. 1060. 

38 France and Belgium, illustrating 

British History. 



THE COLLEGIATE ATLAS, consisting of 32 Modern, 16 JUstorical, 
and 2 Ancient Maps, mounted on Guards, with a Copiojs Index, 
Imperial 8vo, cloth lettered, 

THE INTERNATIONAL ATLAS, consisting of 32 Modern, 16 
Historical, and 14 Maps of Classical Geography, with Descriptive 
Letterpress on Historical Geography by W. F. Collier, LL.D. ; and 
on Clisical Geography byL. Schmitz, LL.D., with Copious Indices, 
Imperial 8vo, cloth mounted on Guards, 



7 6 



10 



London, Edinburgh, and Herriot HiU Works, Glasgow. 



'William Collins, Sons, ft Co.'s Educational Works. 



COIIINS' SERIES OP SCHOOL ATLASES— ContinuQa. 



HISTORICAL GKOGRAPHY. 

THE POCKET ATLAS OF HISTORICAL GEOGRAPHY, 16 

Maps, 6^ by iz inches, mounted on Guards, Imperial x6mo, cloth, 

THE CROWN ATLAS OF HISTORICAL GEOGRAPHY, 16 
Maps, with Letterpress Description by Wm. F. Collier, LL.D., 
Imperial i6mo, cloth, 

THE STUDENT'S ATLAS OF HISTORICAL GEOGRAPHY, 
16 Maps, with Letterpress Description by Wm. F. Collier, LL.D., 

OwOf tlOCll, ««( ,,, ,,, ,,, ,,, ,,, «a* ■«• 

1 Roman Empirei Eastern and Western, 

4th Century. 

2 Europe, 6th Century, shewing Settle- 

ments of the Barbarian Trilies. 
8 Europe, 9th Century, shewing Empire 
. of Charlemagne. 

4 Europe, 10th Century, at the Rise of 

the German Empire. 

5 Europe, 12th Century, at the Time of 

the Crusaders. 

6 Eu;t>pe, 16th Century, at the Eve of 

the Reformation. 

7 Germany, 16th Century, Reformation 

and Thirty Yeai-s* War. 
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8 Europe, 17th and 18th Centuries. 

9 Europe at the Peace of 1815. 

10 Europe in 1870. 

11 India, illustrating the Rise of the 
British Empire. 

12 World, on Mereator's Projection, 
shewing Voyages of Discovery. 

13 Britain under the Romans. 

14 Britain under the Saxons. 

15 Britain after Accession of William 
the Conqueror. 

16 France' and Belgium, illustrating 
British History. 



CLASSICAL GEOGRAPHY. 

THE POCKET ATLAS OF CLASSICAL GEOGRAPHY, 15 

Maps, imperial i6mo, 6^ by 11 inches, cloth lettered, 

THE CROWN ATLAS OF CLASSICAL GEOGRAPHY, 15 Maps, 
with Descriptive Lettf^rpress, by Leonhard Schmitz, LL.D., Imperial 
26mo, cloth lettered, 

THE STUDENT'S ATLAS OF CLASSICAL GEOGRAPHY, 15 

Maps, Imperial 8vo. with Descriptive Lettei press, by Leonhard 
Schmitz, LL.D., cloth lettered, 

1 Orbis Veteribus Notus. 

2 ibgyptus. 
H R^ium Alexandri Alagni. 

4 Macedonia,. Thracia, ^c. 

5 Imiterium Bomauutn. 
Gnecia. 

7 ItJilia, (Septentrionalis.) 

8 luiia, (Mcikllunaiis.) 1 
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9 Armenia, Mesopotamia, &c. 

10 Asia Minor. 

11 Palestine, (Temp. ChristL) 

12 Gallia. 

13 Hlspania. 

14 Genuauia, £0, 

15 Briuuiuia. 



Historical and Classical- Atlas. 

THE STUDENTS ATLAS OF HISTORICAL AND CLASSI- 
CAL GEOGRAPHY, consisting of 30 Maps as above, with Intro- 
ductions on Historical Geography by W. F. Collier, LL.D.. and on 
Classical Geography by Leonhard Schmitz, LL.D., with a Copious 
Index, Imperial 8vo, cloth, ... ... ... ... ... 5 



London, Edinburgh, and Herriot Hill "Works, Glasgow. 



